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Introduction 


Meson theory offers in the main the following three explanations of the 
experimental fact that at least in the singlet state the proton-proton and proton- 
neutron interactions are nearly equal: 

1) The first alternative is a symmetrical meson theory of the type proposed 
by Kemer [17]. In such a theory the interaction between the nucleons is 
due in first order of approximation to the virtual transfer of single mesons from one 
nucleon to another, and by means of a symmetrical interaction with neutral 
and charged meson fields the proton-proton and proton-neutron interactions are 
made equal. The transfer of single mesons is described mathematically by as- 
suming the interaction term in the Hamiltonian to be linear in the meson field 
quantities, in close analogy to the electromagnetic case. 

2) The second possibility consists in assuming an interaction term in the 
Hamiltonian, which is linear in the meson field quantities, but which involves 
only neutral mesons. Since the virtual transfer of a neutral meson does not alter 
the charge of the nucleons, the resulting interaction must be independent of the 
nucleonic charge, as is desired. Such a theory has been proposed and worked 
out by Berne [1]. A theory of this type has the disadvantage of operating 
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only with neutral mesons, the existence of which is rather uncertain, whereas 
no role is assigned to the charged mesons, which have without doubt been 
observed both in cosmic and cyclotron rays. Moreover, neutral mesons alone 
cannot account for the f-radioactivity and the magnetic moments of the 
nucleons. 

3) The third possibility is the assumption that the interaction between the 
nucleons is produced in first order of approximation by the virtual transfer from one 
nucleon to another of pairs of one positive and one negative meson. Since such 
a transfer does not alter the charge of the nucleons, the desired equality be- 
tween proton-proton and proton-neutron interaction is automatically ensured. 
The characteristic feature of such a charged meson pair theory is that the 
charge of the nucleons and the charge of the mesons are conserved separately, 
i. e. that a continuity condition holds for each of these charges. In the quan- 
tized theory this means that the total charge of the nucleons and the total 
charge of the mesons are separately constants of the motion, i. e. they both 
commute with the total Hamiltonian. This property can be attained by as- 
suming the interaction term in the Hamiltonian to be bilinear both in the 
meson field and in the nucleonic field. This means, that the meson field equa- 
tions are homogeneous with respect to the meson field quantities with an inter- 
action term which is bilinear in the nucleonic wave function, whereas the wave 
equation for the nucleons is homogeneous with respect to the wave function 
of the nucleons with an interaction term which is bilinear in the meson field 
quantities. In the case where the field particles are heavy electrons (spin 1/5 
particles) all the Lorentz invariant pair interactions have been listed and 
discussed by Marsnak [25]. For mesons in the proper sense (spin 0 and 1 
particles) various cases have been investigated for scalar mesons by WENTZEL [32], 
Jaucu & Lopes [16] and Pautr & Hu [27], and for vector mesons by KLEIN 
[20], Pautt & Hu [27] and Brutin & Hsatmars [14], [4], [5]. (Pair theories 
involving both charged and neutral mesons have been discussed by Noma [26] 
and Brutin & Hsatmars [6)]). 

All the methods 1)—3) are capable in principle of explaining most of the 
other experimental facts about nuclear forces, although the numerical agreement 
is In most cases rather unsatisfactory. On the other hand, all three methods 
are afflicted with the divergency difficulties at present inherent in any quantum 
field theory, and they all require a cut-off procedure, although not always 
in the first approximation. However, we may say that they are all still open 
possibilities. 

If, however, we reject the neutral meson, as not being experimentally estab- 
lished, we must conclude that the main part of the singlet potential is due to 
forces of the pair theory type. Of course we can in addition have forces of 
the type of the ordinary charged meson theory, but they must make a very 
small contribution to the singlet state, since they give different results for 
proton-proton and proton-neutron interaction. In fact such a combination of 
ordinary and pair theory forces may be afforded by Kuertn’s 5-dimensional 
theory [21]. 

The purpose of the present paper is to formulate the most general pair inter- 
action between nucleons and charged scalar and vector mesons. As was pointed 
out in an earlier note [15], a natural and the most convenient method of 
developmg the meson pair theory is to make use of the generalized Dirac 
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equation for the meson. For this reason we make in Chapter I a review of 
the theory of generalized Drrac equations and derive the conditions for 
the Lorentz invariance and Hermiticity of the pair interaction term and for 
the conservation of the mesonic and nucleonic charge. In Chapters II, II and 
IV we apply the general theory of Chapter I to the nucleons and to the scalar 
and vector mesons. Although not revealing anything essentially new, this gives 
a convenient representation of KrmmeEr’s fz:s, in which the general matrix 
element is expressed as a function only of Kronecker symbols of suitably 
chosen indices. This representation will presumably be useful not only in the 
pair theory. In Chapter V the pair theory is formulated and the most general 
‘pair interactions, expressed in the fz:s of the mesons and the yx:s of the 
nucleons, are listed. In Chapter VI we show that it is possible to perform a 
charge symmetrical quantization of the meson field, in proving that with the 
given representation of the fx:s, the charge conjugate wave function is identical 
with the transposed adjoint wave function. In Chapters VII and VIII we eliminate 
the redundant components and express the Hamiltonian as a function of the 
non-redundant components and their spatial derivatives only. In the Appendix, 
finally, we give a brief discussion of the alternative method of developing the 
pair theory by means of the LaGRanceE formalism. 

The implications of the meson pair theory for the nuclear two-body problem 
will be discussed in some detail by Bruin in two papers which are to be 
printed in this journal [7]. 

I am indebted to professor Oskar KuErIn for suggesting the problem treated 
in this thesis and for his helpful interest and valuable advice during the work. 
I want especially to express my gratitude for his kindness of putting at my 
disposal some unpublished manuscripts of his, which constitute the starting point 
of Chapters III and IV. 

My thanks are further due to my colleague fil. lic. OLor BRuLin, with whom 
I have had the most intimate collaboration in preparing this paper. 

Grateful acknowledgement is made also of the financial assistance received 
during the work from the Swedish Atomic Committee. 


CHAPTER I 


A review of the theory of general Dirac equations 


The possibility of writing the equations of other elementary particles than 
the electron as a generalized Drrac equation, 


(3m —a)y=o, (V 


k=1 
where: 
= Ice 1 3), 2 
pe = — ih ) (2) 
(a) ho ) 
= —=-— ff, 3 
Pa Ue oon (3) 
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was first investigated in various cases by Magorana [23] in 1932, by DE BRoaLiz 
[2], [3] and pupils, e.g. Perrau [28], [29], in 1934—36 and by Durrin [9] and 
Kemmer [18] in 1938. A general theory, in which these cases are contained, 
was developed by Kuern [19] in 1936. In this chapter we will give a survey 
of Kuetn’s theory, paying special attention to the term A of equ. (1), which 
is of particular interest in meson pair theories. 

We investigate the conditions for the invariance of equ. (1) under a LoRENTZ 
transformation, by which any 4-vector or tensor index, e. g. pr, is trans- 
formed according to the equation: 


4 
Pe = >) on PI (4) 
i=l 


with the condition of orthogonality 


4 4 


» Akl Gkm = > Gk Amk = Om. (5) 


k=1 k=1 


The Jy:s are supposed to be coefficients which are not transformed, but the 
wave function y is transformed according to the equation 


y =Qy, (6) 


where Q is a transformation operator, corresponding to the LORENTZ trans- 
formation of equ. (4). The term 4 may in general be assumed to contain both 
coefficients like the /%:s, which are not transformed, and tensors, Ty;,.., which 
are transformed by equ. (4). Let 4’ be the same function of the Is and 
Tiz...:3 as Ais of the Iy:s and Ty...:s. Now the transformed equation must be: 


4 
& Ty pi aa i’ y ae 0, 
k=1 
and this equation must give equ. (1) if we insert eqs. (4) and (6). We thus get: 
dsiaee 
\ , 
(> > TeQaum—A a) y=o. 
\k=11=1 
If we multiply this equation from the left by Q-', we get: 
Aigesd 
= ‘ 
(> D> O71 TQ ax mm — QA o) v=o 
k=11=1 


This equation is evidently identical with equ. (1) if 


4 
>O7 IQ on = Ti (7) 
k=l 


and 


QUAQ=h (8) 
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Multiplying equ. (7) by am, summing over I and using equ. (5) we get the 
well-known result: 
4 
OO = > Gail: - (9) 


l=1 


If I% is considered as a 4-vector, the canonical transformation Q-1---@ must 
thus be identical with the Lorentz transformation. 

KLEIN now considers the identity of equ. (9) in » dimensions, when the 
transformations are restricted to being infinitesimal. From such transformations 
all finite, proper Lorentz transformations can be built up. For the infinitesimal 
transformations we can put 


On = On + ex, (10) 


Ekl = — Elk. (11) 


_ The identity of equ. (9) can now be written: 


OFT OST 48> afl A (12) 


k=1 


If we expand Q and Q7~! in terms of the ex:s, we get in the first approximation: 


a >) ex Ga (13) 
k=1 i=1 
and 
Qt =1—F>) Dy eng. (14) 
k=1 I=1 


Since the e:s are antisymmetrical in k and 1, we can without lack of general- 
ity assume that the operators gz are so too, 1. e. 


dhl = — Uk. (15) 


As is well-known, equ. (12) gives the following commutation rules for the /%:s 
and the quis: 


(an, Lm) = O1m Ix — Oim Lh (16) 
and 
[Qui drs | = Oy Qks Okr Gis + Ots rk — Oks Qi. (17) 


Kien shows that if we consider the n-dimensional space as a subspace of 
a (n+1)-dimensional space and put 


JP 0px oat (n= en), (18) 

these I'm:s satisfy equ. (16) for k,l, m—=1...n, and give 
d= [ly 1 (k,J=1...2). (19) 
AD 
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Now eqs. (16) and (19) give: 
(0, Fi, Ln] = dim Fe — Onn Py (k,l, m= 1.2.7). (20) 


Alternatively equ. (20) can be taken as the starting point, and equ. (19) as 
a definition of the quis, since, as is easily seen, eqs. (16) and (17) follow from 
eqs. (19) and (20). We see that if we have found the quis for a 5-dimensional 
space, fulfilling equ. (17), the quantities Im —=7t¢ms (m= 1, 2, 3, 4) are possible 
coefficients in equ. (1), giving the transformation operator 


4 4 
V1 448) eee (21) 
k=1 


=1 


~ 


Of course eqs. (19) and (20) only define a special case of the general case 
defined by eqs. (16) and (17), but it may well be that in future it will prove 
to contain all cases of physical interest, since in fact it has so far proved to 
do so. A theory, which conforms to equ. (20) but not to equ. (19), is for 
example Ertxsson’s [10], as has been shown by Bruno [8]. 

As has been pointed out by Kern in the paper from 1936, and as has later 
been more fully discussed by Kramers, BeLinrante & LuBANsKI [22], the irre- 
ducible sets of I%:s defined by equ. (20) can be found by reduction of the sums 
of commuting sets of ordinary Dirac matrices divided by 2. 

In the following treatment we shall only consider such representations of 
equ. (20) in which all J/%:s are Hermitian i. e. 


Ty = Ix, 


if we denote the Hermitian conjugate of an operator by a star. Then the gy:s 
are anti-Hermitian, since: 


@g—in— heyy fli — aa. 


Let us now consider the adjoint equation 


4 
#(> Tem —A) ==) (22) 
k=1 
where 
i 3 
Pe = 4 OF (&k = 1, 2, 3) (23) 
and 
ih 0 hr On rs 
ee: ‘Ot, c Otc a 
If we insert equ. (4) and the assumption 
y= ypQr (25) 
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in the transformed equation 


4 
(Drax —7') =0 


k=1 


and multiply by Q from the right, we get 


s 4 
y (> Om P,Q aum— 9-2 Q) = 0. 


k=1 I=1 


This equation is evidently identical with equ. (22) if eqs. (7) and (8) are ful- 
filled. The adjoint equation is thus invariant, if this is the case for the original 
equation. 
We will now proceed to determine the relation between y and », following 
a method, wellknown from the ordinary Dirac equation, and generalized to the 
meson case by Petiau [29]. We introduce the Hermitian operator 
ANS Saas aed Aas (26) 


and an Hermitian operator J" fulfilling the following relations 


r? =1, (27) 
LP, £4] = 0, (28) 
rm+M%rFr=0 (k=1,2,3). (29) 


We now form the Hermitian operators: 


Tea DERIP (30) 
and 
a, = —210Ty (k=1, 2, 3). (31) 


Multiplying equ. (1) from the left by —27I' we get: 


38 \ 
wpe + 210A) y =. (32) 
k=0 ; 


If we form the Hermitian conjugate of this equation we get: 


B3 
y* (Sun - 24(r7y*) =A) 
k=0 


If we now again insert eqs. (30) and (31) and divide by —22 we have: 
4 
iy* 1) (>) Tepe + rr) = (), 
k=1 
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Using equ. (22) we can put 


p= (33) 
if 
r(ra*t=—a 
or 
(Ce =— EA, (34) 


i.e. if IA is anti-Hermitian. The assumption of equ. (33) can be made only 
if y* I’ is transformed by equ. (25), 1. e. if 


p® T= w* FQ-! 


or 
pe = yt PQTTL. (35) 
On the other hand we have from equ. (6): 
= pF Q*. (36) 
Comparing eqs. (35) and (36) wee see that if 
CB hea BH ae) A (37) 


then the assumption of equ. (33) is justified. Now equ. (37) can easily be verified 
using eqs. (13), (14), (19), (27), (28), (29) and 


Sl = "Ce ep — op ie 
We are now also able to give the Q, corresponding to a spatial reflexion, 
De = te (= ee oleh teas (38) 


In fact, as is easily seen, @ = + I satisfy in this case eqs. (9) and (87). 

We will now investigate how the quantities yl; 1i--- [ny are transformed 
under a Lorentz transformation provided that the J}:s are operators giving 
the same result for this expression, no matter whether they are applied to the 
right on the y or to the left on the wy. According to eqs. (6), (25) and (9) 
we have: 


pL Ds Iny = pO Te QQ71NQ- Q1IMnQy = 
2°S1Ge 
=) D dpa eh rei (39) 
r=) s=1 t=1 


The quantity yl; Ji-:: In is thus transformed like a tensor. py especially 


is an invariant and yJ;y is a 4-vector. Consider the 4-dimensional divergence 
of this vector: 


ae = Ow Op 
Dae? tip= 3 3% nw + Di Ly Be 
4 


Bel, = ee 
=i [Gon Tey S$ Ten wf: (40) 
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If we multiply equ. (1) by y from the left and equ. (22) by p from the right 
and subtract, we obtain: 


4 4 
LF “(PEp) — Di (poe) Tey =p (Ay) — (pd) y. (41) 
= k=l 
Under the condition that 
y (Ay) = (pd) y, (42) 
it follows from (40) and (41): 
softy tee 


py can thus be considered as proportional to the current 4-vector, so 
that the quantity 


ylyy=v*TIyy (44) 


\ 


18 proportional to the density of probability. 


In our treatment of the meson pair theory we shall assume 4 to contain a 
term which is responsible for the interaction between the nucleons and the meson 
field. Consequently, eqs. (8), (34) and (42) are of special importance in the 
pair theory, since they express the conditions which are to be imposed on the 
pair interaction term in order to ensure relativistic invariance, Hermiticity and 
conservation of charge respectively. In Chapter V we shall see how these con- 
ditions limit the number of possible interactions. 


CHAPTER II 
The ordinary Dirac equation 


In the present treatment of the meson pair theory we will assume that the 
nucleons obey the ordinary Dirac equation, and that the meson fields obey the 


generalized Dirac equations, in which the wave function is a vector or an anti- 


symmetrical tensor. In the present chapter we shall apply KiEtN’s general theory, 
sketched in the preceding chapter, to the first of these cases. It is easy to see 
that if we put 


Ty =37e, (45) 

where the y,:s are ordinary Dirac matrices, fulfilling the conditions 
veyl + viyr = 2 On (k, J = 1, 2, 3, 4), (46) 
then the I%;:s satisfy equ. (20) and conform thus to the general theory. In this case 
P=, (47) 
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satisfy the conditions of eqs. (27), (28) and (29). We have then by equ. (33): 


p= ya. (48) 
Eqs. (30) and (31) give 
dp = 1 (49) 
and 
a =—tyaye (k= 1, 2, 3), (50) 
and if we put 
Om == Va > (51) 


our az:s are the ordinary ay:s of Dirac, satisfying 
apa; + ajax, = 26m (k,l =1, 2,3, m), (52) 


Now put 
A=3(8 + 2), (53) 


where @ is a term, which, like the coefficients y;, does not change under a 


Lorentz transformation, and where z is a term containing both coefficients 
like the yz:s and tensors. We have according to equ. (8): 


O139Q0=3 (54) 
On Oa: (55) 


and 


The term az, which can be used as the interaction term in the meson pair 
theory, will be discussed in Chapter V. 

Since every 4-rowed square matrix can be expressed as a linear polynomial of 
the four yz:s and their products, ® must be such a sum. Since the transfor- 
mation @ is according to equ. (9) identical with a Lorentz transformation with 
the yx:s considered as vector components, equ. (54) means that @ must have 
the form of an invariant in the yz:s. As is well-known, the most general form 
of such an invariant and thus of # is a constant times the unit matrix. 

If in conformity with equ. (34) we put 


G=—1Me (56) 
we get by equ. (1): 
4 
( ype + iMe—z)y=0 (57) 
k=1 
and by equ. (32): 
E 3 
(’ p Deve + On Mc + idnzt) y =O, (58) 


in conformity with Drrac’s formulation if we put 2 = 0. 
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For later use we will now list the well-known expressions for the tensor 
components 


VY, PYEP, PYEVY, PYEVIYmYs VYEVIYm Yn (59) 


where all indices k, 1, m and » are different, in terms of the two commuting 
systems of PavuLt matrices 01, 02, 03 and 04, 0s, 03, both fulfilling equations 
of the type 


O41 + 016% = 2 On (60) 
0102 = 103 (cyclic permutations) (61) 


and according to Dirac being related to the a%:s by means of the equations : 


Pe a; = 0,9; (k=1, 2, 3) (62) 
Daan (63) 

We have: 
PY = Vv Yay = Y* O3y, (64) 
PYEY = YP va yey = 1y* or ony, (65) 
PVay =v vaya = yy, (66) 
PYEVY = P* vavEyLy = 1Y* 03 0m, (67) 
PYaVEY =P YaVavEY = — Y* 020K, (68) 
PYLV239 = PVN V2V3¥ = — yoy, (69) 
PVaVEVY = V* va va verry = vp* ony, (70) 
PY1V2V3 Vay = V* VaViV2VaVaY = tY* Oey, (71) 


where k, 1 =1, 2,3 and o~ = + om, m being the number 1, 2, 3, different from 
k and J, and the + sign being used if k, J and m are 1, 2, 3 or cyclic permu- 
tations, the — sign if this is not the case. 


CHAPTER III 


The scalar and pseudoscalar meson theory 


The matrices in this case have been examined in detail by Durrin [9] and 
Kemmer [18]. In this chapter we shali, following a method suggested by 
Kuen, derive a very natural representation of these matrices, and give a for- 
mula for the general matrix element, only involving KRONECKER symbols of 
suitably chosen indices. Of course we will not in this way derive anything 
which is not essentially contained in the above mentioned papers by Durrin 
and Kemmer, but our general formula for the matrix element will prove very 
convenient for the calculation of all sorts of products of the matrices. 
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Suppose that the wave function of the generalized Dirac equation (1) is 


transformed like a 5-dimensional vector ¥%(k =1, 2, 3, 4,5). This means of 
course that for transformations restricted to the 4- dimensional subspace (€5 = 0) 


va, Voy Ps a4 
transform like a 4-vector and W; like an invariant. We have: 
Ye ie s ext P1. (72) 
i=1 


On the other hand, denoting all matrices belonging to this case with a bar, 
equ. (6) gives 


The equations (72) and (73) are supposed to be identical. Equ. (72) can be 
written : 


5 OB 
Y= Y%+} >> 3 Ers ( (Orr ee ORs WY) (74) 
r=1 s=1 
and equ. (73) implies: 
5 5 
ea Le (Qrs ¥ (75) 


Identification of eqs. (74) and (75) gives 

(pn 0g he at (76) 
Equ. (76) has been derived in an unpublished manuscript by prof. KiErn, who 
has kindly communicated it to the author. 


We will here proceed to derive the expression for the matrix element of (iz. 
For this purpose we have only to write equ. (76) in the form 


5 
(Git Yn = ek Oni On't — Ont On'x) Pn! (77) 


If we consider Y as a column-matrix of the form 


w) 


P, 
eh 
ie) 
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and Qrs aS a 5-rowed Square matrix operating to the right on the YW, equ. (77) 
can clearly be interpreted so that the matrix elements of Git are: 


(0 | Git) Ont Ont Onl One. (79) 
Tf 6, are the 5-rowed I,:8 in this case, we have by equ. (18): 
(| Bx | 2’) = 4 (Suk Sn'5s — On55n't). (80) 
The Bz:s so defined are Hermitian, since 
(7| Bil n')* = 4 (ns One — Sue dn's) = (2 [Bi |). (81) 


The form of the matrices is the following: 


iia ae (pose Cnr 0ac0, R02) 
Oa O hcg 4520 TOO Oo 
Cees 080 02.0. |. Aes to0> © O10" 0° 01 
Om 6) 0.10 Ce he Wy Si 
—i 0000] lo—-i: 0 0 oJ 
(82) 
Or OMyeOne0) <0 fROmnO nko Oa505) 
0. OlseOmiOr 6 HAMOO 200 
bees e0 0) 0) 60) and, a VW We 
Gero. <0 0 unk 0 ena 
jr OO ClO HON 720 


We wish to draw attention to the fact that all the elements of the Hermitian 
matrices are purely imaginary, which means that the matrices only change their 
sign when they are transposed, i.e. rows and columns interchanged, a property 
of which we will make use in our consideration of the charge conjugation in the 
meson pair theory. 

To prove that the matrices obtained conform to the general theory in Chapter I, 
we have to prove that they satisfy eqs. (19) and (20). 

We have, since k, 1+ 5: 


5 —= 
(| Bx Bln’) = >) (m| Buln”) (n’ [Biln’) = 
ee. 
5 
ary >; (Onk On'' 5 ee Ons On''k ) (On"1 On's aa On''5 On'l) == 
ay 


a Onk On'l aP On’ On'5 Onl : 


By interchanging & and / we get: 
(n| Bi Bx| n’) —OnpOnh ct On On's Ont - 
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We have thus: 
(70| Bi Br — BiB | 2’) = Sux n't — Ont O's = (10 Ga’); (83) 
which is equ. (19) in matrix element form. 
To prove equ. (20) we calculate 
5 


(x |B: Be Buln’) = > (m|Belo”) (W” [Beln’”) (W"” [Bil n’) = 


5 5 
=—1 >i > (Oni On''s — Ons Oni) (On''k On'’5 — On''s On'"'k) (On''1 On's — On'"'5 On't) re 
eles 
5 
=—4% » oo Oni On'''k =e: Ons On''5 Oik) (n't On's ota On'"'5 On'l) = 


nit=1 


= 4 (Oni Om On's — Ons On't Oix). (84) 
From ‘this result, we can immediately infer Durrrn’s [9] formula 
BiPrbi=0 1 keel ae 4), (85) 
If we interchange 7 and / in equ. (84) we get: 
(| Bi Bx Bil’) = 4 (On Oix Ons — Ons On'i O)- (86) 
By adding eqs. (84) and (86) we obtain 
(| Bi Bibi + PrBefi|n’) = 
= 6x12 (Oni On's — Ons On'i) + Oi% 4 (Ont On's — Ons On't) = 
= da(m| Bln’) + diz (n] Biln’). (87) 


This equation can be written: 


Bi Br Bu = Bi Be Bi = Bi dy + Bi Oix « (88) 


This is Petiav’s well-known commutation rule [28], which Durrin and KEmMMErR 
took as a starting point for their investigation of the algebra of the Bx:s. 
Kqu. (88) is fulfilled not only by the fy:s but also by the 10-rowed fxs of the 
vector meson theory, the analogous representation of which we will investigate 
in the next chapter. Equ. (85), however, holds only for the f;:s. As has been 
shown by Prtiau [29], equ. (20) can be proved from equ. (88), e. g. by sub- 
tracting equ. (88) with interchanged & and | from the original equation. 

We have thus proved that our representation conforms to the general theory 
and is equivalent to Kemmmr’s 5-rowed fx:s. In fact we have 


pe=U"6,.U (k=1, 2,3, 4), (89) 
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| where f; is the explicit representation given by Kermmer and 


(Oo ROW Osee lien 0 
—% 0 0.0 0 
US 0-71 On Oey On) (Ua)*® (90) 
0 oO Or 0) 
ne etO bruit 8 ad geile 


{ On the other hand, our representation is closely related to a representation, — 
| given by Periau [30], in which the matrices contain only real elements. 
| As has been proved by Pettau [29] from equ. (88) the quantity 


Bp =1— 28: 


| satisfies the conditions for I" of eqs. (27), (28) and (29). 
' As is easily seen by means of equ. (80) we have in our representation: 


(n va n’) = Onn! = 2 On4 On'4 vA Ons On's > (91) 
i or 


0 
0 
Oe (92) 
0 
1 


| For the spatial reflexion of equ. (38) we have by equ. (92) to put 
Q=—p. 


| We will now examine the term 4 of equ. (1). As in Chapter II we divide A 
| into two parts, ee 
Ae eee, (95) 


| where % is assumed to contain only coefficients like the Bx:s, which are not 
| altered by a Lorentz transformation, and where 7 1s assumed to contain both 
such coefficients and tensors, and we have thus by equ. (8) 


199=0 (96) 


Q 
_ and 
O40 = 7 (97) 
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As has been pointed out by Harisu-CHanpra [12] the most general form of 5) 
4 


is a polynomial in » Br Br As a preparation for similar arguments in Chapter V 
k=1 
we shall here reproduce and amplify his proof of this statement. 
Since, as has been pointed out by Kremer, any 5-rowed matrix can be 


expressed as a linear function of the bes and their products, 9 can be con- 
sidered as a function of the fy:s only. As equ. (96) implies that 8 is an in- 
variant when the Bus are considered as vector components, the most general 
form of # must be: 


os Bye Bree Bev; (98) 


nha 


where all summations are taken over double indices, but where the indices in 
general can have any order in the products, so that two fz:s with the same 


index are not necessarily neighbours. By using equ. (88) we can move one /; 
two steps to the left say. At the same time we get in general, according to 
the right hand side of equ. (88), terms which, after performing the summation 
over one of the indices of the Kronecker symbols, turn out to be of the type 


(98) but with two Br:s less than the original expression. When we repeat this 
procedure with the two f;:s of a given index, we get, trying to move the 
two Px:s as far as possible to the left, one of the following alternatives: 


Pi prpe 2eae aig (99) 
BiBr Bm Bx toe | 

Since by equ. (88) 
Bx PiBx = Br Om, (100) 


the second and third alternatives are reduced to expressions of the type (98) 
but with two fx:s less. If we repeat this procedure with the other index pairs 
and with all the terms with fewer fz:3, we get finally a sum of terms of the 
type 


yi > pa Bi Br Bi BiBm Bm > = (> bux)’ (101) 


(Ral 


The investigation of the @ is thus reduced to the study of the expression 


4 — 4 
2 bebe, 
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which we will calculate in our representation: 


( 2 bebe w’)= Dy Dy (m| Bel n”) (w” | Bi|n’) = 


i 


4 5 
ae >, 2 Onk On" Oita Ons On!'k) (On''% On'5 ier On''s On'k) — 


k=1 nn" 


4 5 
=%>: (On On’ ate Ons On's) 5) =a) Onk On'k ae Ons On's : 


k=1 k=1 


n’) = Onn’ + 3 Ons On's 5 (102) 


or 


(103) 


S&S & 
OS SS SoS SS 
eS Ss Ss  S 
Po a ac 


Let us introduce two matrices @; and @,, the # and y of Harisu-Cuanpra [11], 
[13], defined by 


4 
y= 3 (>) BeBe — 1) (104) 
k=1 
and 
Col 
) oy =1—05=—3(D Arb —4), (105) 
k=1 
or 
GUO Oye) 6.00) 
ow 0) 0 0 
eae 1002.0, 0 (106) 
DO 
[homo 0) 0) <1 
and 
ia OOo, 0G. 0 
Ogden 0) 4020 
emcee 08.05): (107) 
Ou Om Or 1.0 
(sOiagk OMe Otis. 30 
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@; has evidently the property of only retaining the component with index 5 
when operating on the column matrix (78), while @, only retains the components 


with index up to 4. 
4 


It is now easy to see that any power of > Pi Be: and thus any sum of 
k=1 
such powers, can be written as a linear combination of @, and @;, and the 


most general form of & is consequently : 
9 = 0,0, + 95s, (108) 


where Oy and 8s are ordinary numbers. At the end of Chapter V we will prove, 


that if #,+ 0 and %; + 0, we can without lack of generality assume 0, = 05. 
We will now write down equ. (1) in component form: 


5 4 
2 Oe 0 (Onk On's — Ons On'k) pr Pn + 0 fig C (4 Pn aS 4 fig 6 (Gs a = (7 aN) = ()). (109) 


where we have put 
oy 8 aye (110) 
and x 
0; = —1fi5c, (111) 
in conformity with equ. (34). 
Equ. (109) gives: 
tn Pa = —ge Patel), (n=1,2,3,4) (12) 
and with n = 5: 


4 
>) Pe Va = fige Vs + i(aW)s. (113) 
k=1 
If we insert 
1 a 
Pr eer eats bead Oy Sa are (HU — 
nee YW, meee Y), (n = 1, 2, 3, 4) (114) 
in equ. (113) we get: 
= 4 
ae Ye } 
(dvi uy fs tise) Ds = CaCl \e at >) PE (7 P)y. (115) 
k=1 2 
Putting 
—- fe 
a Ue (116) 
where 
fl = V ity [ls (117) 
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and making use of eqs. (2) and (3) we have from eqs. (115) and (114): 


4 ; 
o a) wiiagenn leer aco uw 
peed seas (WP), (n=1,2,3,4). (119) 


Equ. (119) for n= 1,2, 3 are to be regarded as equations of definition for the 
redundant components ¥,, Y%, Y%3. These components are proportional to the 
components of the gradient of Y%, when 


ic =O, (120) 
in which case equ. (118) is identical with KiLErn-Gorpon’s equation. 
Let us now consider the adjoint equ. (22): 


5 is 


which gives: 
Yon = lige Un + i(Wa)n (n=1, 2, 3,4) (122) 


and for n=): 


4 
a” = —fiscY, —1(W a)s (123) 
If we insert 
ae (ae (es 2, 8 4, ae) 
[lg C lg 
in equ. (123) we obtain: 
| 4 - L. 
| YY, (> Dials is °) = —tfige(WH)5 + (WY i)k De. (125) 
| k=1 ‘2 
| By eqs. (116), (117), (23) and (24) we obtain: 
| ae vt ee tee 
I, . ( nee = #8) 18s Pn t= > (Va (126) 
clu “ 5 i ( )s h oe 
and ; 
: ee a (n=, 84 (12) 
| [lg € O In [lg C 


With the felp of eqs. (33), (92) and (34) it is easy to show, that eqs. (126) 
and (127) are actually the conjugate complex of eqs. (118) and (119). 
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Finally we wish to discuss the possibility of assuming YW as a 5-dimensional 
antisymmetrical tensor of the 4th rank, i.e. a 5-dimensional pseudovector W;. 
If we restrict ourselves to transformations in the 4-dimensional subspace (é5 = 9), 
this means that Y,, Y%, W3, Y%, transform like a 4-dimensional pseudovector 
and W, like a pseudoscalar. The transformation formula of a pseudovector Y; 
is for infinitesimal transformations exactly the same as if it were an ordinary 
vector, i.e. equ. (72) and the subsequent deduction of the matrix representation 
are still valid. This means, as is well-kown, that the 5-rowed f;z:s are, even in 
this case, the proper representation of the infinitesimal transformations, if 
inserted in eqs. (21) and (6). 

For the spatial reflexion of equ. (38) we have in this case to put 


Q =f. (128) 


CHAPTER IV 


The vector and pseudovector meson theory 


In this chapter we will investigate the vector meson case along the same 
lines as in the treatment of the scalar meson theory in the preceding chapter, 
thus deriving a similar representation of the 10-rowed matrices of Durrin and 
KEMMER. 

We assume that YW is transformed like a 5-dimensional, antisymmetrical tensor 
Yi, of the second rank. We then have: 


Yu= a+ oy (ers st + ets Vrs). (129) 


s=1 


On the other hand, denoting all matrices belonging to this case by a double 
bar, equ. (6) gives: 


Vy = (2 aH > Senin) ¥ ae (130) 


on 


which equation is supposed to be identical with equ. (129). We can write equ. 
(129) in the following manner: 


5 
Pi = Pu + 3 Se , Ers (Orr Psi — Ors Pri + Ow Ps — Ote Vir), (131) 


and equ. (130) implies 


a ers (Ors (132) 


Me 


Wi ao Via ae 12 


Identification of eqs. (131) and (132) gives: 
(Grs Py ae Or Yi aoe Ons Pi te Onl Ye, Bee Ols ins (133) 
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which equation, like equ. (76), has been derived by Kiet in the unpublished 
manuscript already quoted. 


Now we proceed to write equ. (133) in the following manner: 
- 5 5 
(Qrs Kyi = 3 > >, (Orr Ome Om = Ons Onn Om . 


es Ow Oms Oxn i O1s Omr Oxn i Oxr Ons dim + Ors Onr Om + (134) 
a Ow Ons Onm coat Os Onr Oxm) Youn . 


Let us consider Y as a column matrix, 


Te ; (135) 


Poa 


containing the 10 independent elements of the antisymmetrical tensor ¥%7. Since 
in the double sum of equ. (134) both the bracket and Winn are antisymmetrical 
in the index pair mn, the index pairs occur twice each and with the same sign. 
The double sum of equ. (134) is thus 2 times the sum only over the index 


pairs of equ. (135), which sum we will denote by De We can thus write 


mn 


equ. (134): 
(qu Yn = >) (mn | qa] m’n’) Pin 5 (136) 
m'n' 
where 
(mn | Gil | mn’) = Ont Om'l Onn Omt Om'k Onn’ — 
nie Onk Om'l Omn' aE Onl Om'k Omn' ow Omk: On'l Onm' a 
+ Omi On'k Onm' + Onk On'l Omm! — Oni On'k Omm' (137) 
can be interpreted as the matrix element of gu. We can write this expression 


for short: 


(mn | Qkt | mn’) == Omk Om't Onn’ EPS (kl) ~~ ex (mn) es (m'n’), (138) 


where ex (kl) means the entire preceding expression with & and | exchanged. 
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If Br are the 10-rowed J%:s in this case, equ. (18) gives: 
(man | Bi:| mn’) = 4 (Ont Om's Onn’ — ex (k5) — ex (mn) — ex (m'n')). (139) 
Of course we can begin with any other of the 8 terms in equ. (139) e. g. 
(mn | Be|m'n’) = i (— Sm'z Oms Onn’ — eX (KB) — ex (mn) — ex(m'n’)), (140) 
from which we obtain: 


(mn | Be | m'n’)* = ¢ (Om't Oms Onn’ — ex (k5) — ex (mn) — ex min’) = 
= (m'n’ | B.| mn), (141) 


i. e. the Bus are Hermitian. cae 
The form of the matrices are, using the indices of equ. (135) 


OVO. 6s-0 O=0) 0. 0MOEo 00502 0:0 “OL202 en 
0. 0 O00 0 0 0 = 7mO 00 0.0 09000. 020m0 
0s 0100" 2080, YenOmrO Os O20 080s Od Ono 
O00 OOO OF OF Or 0°O 0-0 0 0-0 6 "ONO 

_ 0 0 00) 0-0 2080: ONO mee 0 06.0 0 0: 0.0 0 2029 
PL lo2 9-0 0 0 0-0 0 0 0|28 2? =) 0 0 6 070) On ONON OMmOTE 
07.00) 00 10 0.40170200 0.0) 42.010) 0 0 Om 0mO 
(a0 12.07 0200.0 0m0 0.00 50 0.10: 00 momo 
On ai0, 02. 0.10 £05. 0.0) =$720 0. 0. 01.0) cOns0m Om) 

0 008% OM0EOr 0M OF O O00. +0) Os LOL OM OM-OMO 
(142) 

000000 0-i 0 0) (0.0 0 0 6-0 0-0 one 
O10 0 010" 10s ao mO nO 0: 0°"0: 0° 0:0. 000mm 
0-010 20 0se0me0) WOmROanO 0. 0 0 O 010.0; ONO.K0 
000000000 0 0 0 0-0 0 0 yOnOme 

= _10 0 00 0 00 0 0. O)R 24) 0507 050,50 Pomme emo 
meme! ned in boas 6 
0-3 000 080 0n0 ROG 0 0. 0=% 0 ONOnoono 
170-0 07-0. Om Or 10nONRO 0 020 20=7 200m) enOmnD 
0” 080 2010 40810 HOmONO 00) 08 OF O=AtOM Ol Ol 
lo 000 0% 0 0 O70 0 0°00 50000 0a 


In this case too, the Hermitian matrices have only purely imaginary elements, 
so that the matrices alter their sign when they are transposed. 
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In order to prove that the matrices conform to the general theory, we will 
prove equ. (19) and Prriav’s commutation rule, from which follows equ. (20). 

At first sight the eight terms in the matrix elements might seem a bit cumber- 
some to handle in calculating the matrix products. As a matter of fact we 
can by a simple artifice reduce the number of terms in the matrix elements 
to four or less. The method will be clear from the following two examples, 
which we perform in considerable detail: 


(moe | Be Bt — BuBx|m'n’) = >) (mm | Be| mn") (mn |Bi| m’n’) — ex (kd) = 


mn" 
La A AA 
= — DS) (Omi Sms Onn" — ex (kB) — ex (mn) — ex (m’’n )) 


* (mt Om's On''n’ — ex (15) — ex (m!’n") — ex (m'n’)) — ex (kl) = 


5 
eee = >, oy (Om Om''s Ona TKD (k5) = ED.G m'n”’)) 0 
* (Om''t Om's On'’n’ — ex (15) — ex (m'’n')) — ex (mn) — ex (m'n’) — ex (kl) = 


5 5 
= — Dy Dd; (mt dns bun” — eX (05) (Smt Sm's Sn’'n’ — ex (U5) — ex (mn!"n')) — 
m'=1n"=1 


— ex (mn) — ex (m’n’) — ex (kl) = 
5 


5 
ys pa Dy (Ort Om''s Onn"? — Oms Om''k Onn’) ( 
m'=1n"=1 
Bd 00 Ora ON dus Out Bats Out n'e) = 
— ex (mn) — ex (m'n’) — ex (kl) = 
— Onn! Omk Om'l SF O5n’ Oni Omk Om'5 wus O5n’ O5n Onk Om'l + On: Onn Omb Om's pat 


— bin’ O1n 6m5 Om's + Orn! Ons Oms Om't — eX (mn) — ex (m’n’) — ex (kl). (148) 


Here the 2nd, 4th and 6th terms vanish when ex (m’n’), ex (kl) and ex (mn) 
resp. are subtracted. Since instead of any term we can always write any term 
resulting from the exchanges of the original term, we can instead of the 3rd 
term write + 651m’ O5m Ont On’, Which cancels the 5th term. The result is: 


(mn | Br Bi— BrP m'n’) = 


= Smt Om't Onn’ — ex (kl) — ex (mn) — ex (m'n’) = (mn| qu|m'n’), (144) 


which is equ. (19). . ; 7 
We will now proceed to prove PeTIAU’s commutation rule: 
(mo | BiBx Br + Bre Bi| m’n’) = 
Sy ye Om's O Omi On" Onm!* + Oms5 On'7 Onm'’)* 
=—1 (Omi Om'’s Onn" — Oms m!'t Onn" —~ Omi On''5 Onm" md Oni Onm 
Se 


m'’ 1Lnv=1 m'"' Ln” 
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a (Om''k Om'"'5 Onn!" — Om''5 Om'"k On''n'"’) . 
5 (Om Om's On'''n! — Om'"'5 Om't On'''n' oe On'"1 Om's Om!''n' + On''5 Om't Om'''n') ones 
— ex (mn) — ex (m’n’) + ex (il) = 


5 5 
=—4t »? a (a4 Onn!” Omi Om'"'k — Oik Onn’! Oms Om't’5 — Onk O5n'” Omi Omit’ + 


mi" =1 nr!" =1 

+ 6n5 O5n'” Omi Om!" + Onk Oin'” Oms Om''s — Ons Oin'’ Om Om''k) * 

(Om Om's Ont’! — Om't’5 Om't On'n! — On! Om's Om''n’ + On'''5 Om't Om'"'n') — 

— ex (mn) — ex (m’n’) + ex (al) = 

= — 4(— bt Onn’ Omi Om's + Oxn' Ont Omi Om's — Oxn' Ons Omi Om't + 

+ Snn’ Oik Om5 Om't + O5n! Ont Oix Oms Om's — O5n’ Ons Oik Oms Om't + 

+ O5n' Ont Omi Om't — O5n! Onk Omi Om't + Oxt O5n! On5 Omi Om's + 

+ bxn’ bn5 Omi Om't — Sin’ Onk Om5 Om't — O5n! Ot Onk Oms Om's — 

— O41 Oin' Ons Oms Om's + Oxn' Ot Ons Oms Om's) + 

+ ex (il) — ex (mn) — ex (m’n’) = 

= 611 tO mi Om's Onn’ — O:k 7 Om Om't Onn + ex (01) — ex (mn) — ex (m'n’) = 

= 61% (Omi Om's Onn’ — Oms Om'i Onn’) — eX (mn) — ex (m'n’) + 

+ 6x4 (Omi Om's Onn’ — bm5 Om't Onn’) — ex (mn) — ex (m'n’) = 

= dir (mn | Bi| m'n’) + dix (mm | Bi| m'n’), (145) 
or _ és ; . 

Bi Br Bi + BiB. Bi = Bidm + Bi dix, (146) 

which is PETIAU’s commutation rule, and the conformity with the general 
scheme is thus established. . 


Our £;:s must hence be equivalent to Kemmers 10-rowed fx:s, and as a 
matter of fact we have: 


Be= UP Be U (k = 1, 2, 3, 4), (147) 
where /, is the explicit 10-rowed representation given by Kemmer and 

Oa? OMO al ONRO* *ORRO| Oe 0 
OF 0% (OF Oneal Oy Ore): sO a0) 
0 00. tO Oe Oe Osea 
—4 O50 8 0 0a eee tea O 

y= 0 =4: O° “O51 0" 0-2 Ore0).25 DoaeO ~(u-1*, (148) 
OF OF 2GNIG = OSS0F FOP FOO 46 
0" 002.077 O00 16a eee 
O50" 10 OF Or sO tient 
|):0.0:05%\05 A0eO mc Ola Onan IaNNO 
10" 020 70" OO Poe onto 
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Other similar representations have been given by Prtiau [30] and ScHRODINGER 
[31], which can easily be proved to be equivalent with ours. 
In this case too the quantity 


B=1—28 (149) 


satisfies the conditions for I’ of eqs. (27), (28) and (29). Since the unit matrix 
can be written as 40mm! Onn’ — ex (mn) — ex (m'n’), we easily find by equ. (139): 


(mn | B | m'n’) a 4 Ojnmn’ Onn’ = 2 Onn! Om Om's aw Onn’ Ons Om'5 =i 
+ 4 Om5 Om's Ona On'4 —— EX (mn) — ex (m’n’), (150) 
or with the indices of equ. (135): 


Perel USOseOae0 a O O- ( | 
CMe ener a Ome) FU 80) 0 | 
Cee Oe OL Ore. 0270. 3.02 °C 
OntOetO sal O4900,6:09 .05 20% 0 
= OM OM O10 05 105.0) OF © 
pe (151) 
Yo UO OG O= O OO O @ 
OOS OO ONO OOO 
CeO OO 40 Oe OSS O50 
OO Ou 0" 0) =I @ 
Cee OF 2.05 iO 030 yt 
From equ. (33) this means that: 
Y= (CA By et Sas (k, l= 1, 2, 3), (152) 
Py.= (L* Ba= — Vi (b= 1, 2, 3), (153) 
Ys, = (is B)n= aS (k = 1, 2,3), (154) 
UF = (GE B)sa= LN (155) 
For the spatial reflexion of equ. (38) we have by equ. (151) to put 
Q =f. 
As before we separate 2 into two parts: 
A=0-+2, (156) 
where . 
Q18Q=8 (157) 
and 
Qin Q=nx. (158) 
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Harisu-CHanpra’s proof, reproduced in the preceding chapter, that 0 could be 
4 


reduced to a sum of powers of a; Br Bu can be performed in exactly the same 

= k=1 
manner for the f;:s, since only Periau’s commutation rule was used, and this 
is valid in both cases. 


We will thus calculate , Br Br in our representation : 
k=1 


4 5 
Al 1 
Tre) > (Omk Om''5 Ong! — Ons Om''k Onn’) ‘ 


je (Om''k Om’5 On'n" roa Om''5 Om'k On'n!" a On''k Om'5 On'm'" =e On''s Om'k On'm"’) sae 


— ex (mn) — ex (m'n’) = 


> 


1 
a (=n, Ont Om'k + 2 On'd Ons Omk Oni a Onn' Ons Om'5) nee Cs (mn) — Cpe (m'n’)= 


> 
ll 
H 


(Onn’ Omk Om'k =2 On's Ons Omk Om'k) Si 


| 
Wwe 


~ 
I 
ran 


+ 3 Onn’ Oms Om's + 2 On'5 Ons Oms Om’s — eX (mn) — ex (m'n’) = 
= Ona! Omm' — 2 Onn! On's Ond 
+ 3 Onn’ Oms Om's + 2 Ons Ons Oms Om's — eX (mn) — ex (m'n’). 
We finally obtain: 


(nn = Bi Bx 


mn’) — Onn Oven a Onn Oms Om'5 = fre (mn) ——lee.« (m'n’) (159) 


or with the indices of equ. (135) 

Sr eaeaet eae 
0 £2) 20 20.2 020 sn Onn OmcOeO 
0 2052-50. One 0 m0 0 aOanO 
0:04 0 200 S020 p00 m0 

_ 0. .0'y Og 0 eo 20 eer eae) 

2s els. = | 66 one tea ean eae es: 
0 40 410.608 020 =o Orn mo 
0 40 0 50 .050.50 yomnomnO 
050 40 a0 0 5:0 20 Omen 
0:0 (0 Om ORO FEO One Ones 
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Let us again introduce two matrices w; and @,, the and y of HarisH-CHANDRA, 


now defined by 


and 
or 
0 
0 
0 
0 
rai il 
Ws ‘ 
0 
0 
0 
0 
and 
1 
0 
0 
0 
eae 
oy, 
0 
0 
0 


S 


eae eo eo eo Sf & 2S 2S 2 S&S 


Seeqco ooeoce rs 


Se So Soo 2 2 SS S&S © 


Sea eo 2 2 € © S&S & 


Sa 22 Ee 2 S| 2 2 ©&2 & 


eo 2 2 2 2 2 | 2S = © 


ea eo Sec Se &- Se 2 2] 2 26 


SS e731 Te te eas Sa ea = 


So eo 2S 2&2 Se Seo ff & © 


Qe Sr Sm eS) SS iS 


eS VEIT Oe OS SS SS SS SS lS 


Se ea eo ooeoeoea 6 


S 


SQ eo Ss Se S|] = S&S © 


Sq eo ooo eo 6 eS 


(161) 

Bes (162) 
0 0) 
0 0 
0 0 
0 0 
0 0 

163 

ipo (163) 
0 0 
0 0 
1en0 
0 1 
0 0) 
0 0 
0 0 
0 0 
0 0 

164 

0 0 (164) 
0 0 
0 0 
0 0 
0 0 


where w; clearly has the property of only retaining the components of ue having 
an index 5, whereas a, only retains the components of WY in which both 


indices are < 4. 


We have consequently, that every 8 can be written in the form: 


j= O44 <E 9, Ws, 


(165) 


where O4 and Bs are ordinary numbers. At the end of Chapter V we will prove, 
that if By -— 0 and Os +0, we can without lack of generality assume 0, = 05. 
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We will now write down equ. (1) in component form: 


5 5 4 

\ ' ' 
: <2 yal a ( Omk Om's Onn’ me Om Om'k Onn’ | Oni: Om's Omn’ ai Ono Om'k Omn') Pr: Vee nt + 
Sin’ =1k=1 


+ 4 fig (Gq P)mn + 4 lp (Os Umm — Oe Ln 0, (166) 


where we have put: 


ete (167) 
and ¥ 
Re, (168) 
Equ. (166) gives: 
Pm Pen — Pn Yom = — fac Yon 0 (7 P)nn (m, n = 1, 2, 3, 4) (169) 


and for m=5: 
4 - 
Dd pn Yin = fase Yon + 1(% P)on = (m= 1, 2,3, 4). (170) 
k=1 


After multiplying equ. (170) by py, from the left and summing over » from 1 
to 4, the left hand side vanishes, and we get 


Sp. ¥ Vee a - 2. dati YW ene (171) 


i — sea n= 1 
If we insert 
] : Me eee 
Pia = > = (04 Vion > Pa Vor) = Ge 2, 


Ma Mae 
in equ. (170) we obtain by equ. (171): 


4 4 
( >) Bi + Halls ¢) Pon = — t fig (0 Pon — 4 >) i (Pin — 
k=1 


k=1 


~ 2 Snnee (i= 1, 2,3, 4).> ws 


For x=0 we see that besides the ordinary vector meson equations in the 
free space, we can, following HarisH-CHANDRA [11], get Maxwe.w’s equations 
by putting 


Us = 0, (174) 
Pox == A, (k = Ib. 2, am 4), (175) 
Th 
Von ae (m,n = 1, 2, 3, 4), (176) 
Mae 


where A; is the potential 4-vector and Fi» is the field strength tensor. 
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If we now put 


Baer ile 
Lo es e (177) 

where 
= V ita ts, (178) 


‘ and make use of eqs. (2) and (3), we get from eqitaa(d es) 


eee) pel ag wie 
ap aw rt Va Wy) = - 7 3 jaa 
h 2 O Xx Me M M5 Cc 0 Ln k=1 od Lk ie ox e " 2, z 4), (179) 


from equ. (172): 
Vs) are pee (x DP) en (k, UE i, 2, 3; 4) (180) 


and from equ. (170) with n= 4: 


Si ee ad) 
Meee == jis c 2 Oa, Par 


CRN (181) 


Equ. (179) is obviously equal to Proca’s equation when z= 0. Eqs. (180) for 

k,n = 1, 2,3 and (181) are to be considered as equations of definition for the 

redundant components Win (k,n = 1, 2,3) and W;, which, when z = 0, are pro- 

portional to the rotation of 5; (k = 1, 2, 3) and the divergence of ¥4; respectively. 
Let us now consider the adjoint equ. (22): 


5 


>, y > BE oO On Oia One On tui eas One one Onn et Onis Ont Onna 
=i + t fig ¢ (WY G4)mn + ¢ faze (VL Os)mn — (VY H)mn = 0, (182) 
from which we derive the following equations for the components: 

Pon Dm — Yom Pn = fae Linn + i(LR)mn (m,n =1,2, 38,4) (183) 
and for m=b)D: 
> Pin Dk = — jig¢ Von —1(PA)sn (nm =1,2,3, 4). (184) 
k=1 


After multiplying equ. (184) by p, from the right and summing over ” from 
1 to 4 we get: 


4 . 4 he 
Y’ oy Lie = _—_ >, (LY 2)5n Pn : (185) 
Ms © n= 
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If we insert 


Pon = a (Ws, Dime Ys, Pn) re* 3 (Ya) kn (k, TO — iis 2, 3, 4) (186) 


Ma © ae 


in equ. (184) we obtain by equ. (185): 


a ° : ae 
Zap pi + Hs lls *) = — ijige (Pan + + > (La)in re — 


k=1 k=1 


4 
— =— >) (Pa)se Pen (n = 1, 2, 3, 4). (187) 
Ms C py 


By eqs. (177), (178), (23) and (24) we obtain: 


egy: AV oT See 

(> oe -— “) NES = ee (LY 2)5n ale 

prep h 
ly 9 (Wa) 

ST LE eee ee aes 

- h = Ox i Ms C Ody tm, OLE 


(Wx), (mn=1,2,3,4) (188) 


and for the other components: 


pee a (; eee Hs) —— (Pa)an (k,n = 1, 2,3, 4) (189) 


and 
~ Ch Oe sates 
= Wy === (Pa). 190 
Pa Ls C Pa Dee lls al 7) 54 (190) 


With the help of eqs. (33), (151) and (34) it is easily shown that eqs. (188), 
(189) and (190) are the conjugate complex of eqs. (179), (180) and (181). 

Finally we consider the possibility of assuming W to be transformed as a 
5-dimensional antisymmetrical tensor of the 3rd rank, i.e. a 5-dimensional 
pseudotensor Y,, of the 2nd rank. For transformations in the 4-dimensional 
subspace (€5=—=0) this means that Yi, (k, 1 = 1, 2, 3,4) is transformed like a 
4-dimensional pseudotensor of the 2nd rank and Ys. (k = 1, 2, 3, 4) is transformed 
like a 4-pseudovector. The transformation formula of the pseudotensor Y%, is for 
infinitesimal transformations exactly the same as if it were an ordinary tensor, 
i.e. equ. (129) and the subsequent deduction of the matrix representation of 


the fx:s are valid for this case too. This implies the well-known fact that even 


in the pseudotensor case the fx:s give the proper description of infinitesimal 
transformations when used in eqs. (21) and (6). 


For the spatial reflexion of equ. (38) we have in this case to put 


70 


ARKIV FOR FysIK. Bd 1 nr 3 


CHAPTER V 
Formulation of the meson pair theory 


We assume that the nucleons obey the ordinary Drrac equation, and that 
they interact with a meson field, obeying the generalized Drrac equations, con- 
sidered in Chapters IIT and IV. When the treatment in the present chapter is 


applicable to both f, and f,, we will call these matrices 6 for short. The 
equations of the meson pair theory are then: 


4 
(> Vk Pe — On ri x) Y == (191) 
k>=1 
and 
4 
(> Bude — Bg — ns) ve (); (192) 
k=1 


where #, and #3 are given by eqs. (56) and (108) or (165) respectively, and 
where z, and zz by eqs. (8), (34) and (42) have to fulfil the following conditions: 


On a, 0, =a, (193) 
Qe 73Qs = mp, (194) 
Vg = Te Vas (195) 
pus = —ahB, (196) 
Y (ry p) = (pm) y, (197) 
WD (1g VP) = (Ug) 0. (198) 


Eqs. (193) and (194) have to be fulfilled to ensure the Lorentz invariance of 
the Dirac equations. Eqs. (195) and (196) give an expression for the Hermit- 
icity of the interaction. Eqs. (197) and (198) have to be fulfilled if we want 
the 4-divergence of the current 4-vector to vanish for the nucleons and for the 
mesons separately, i.e. if we want the total charge of the nucleons and the 
total charge of the mesons to be conserved separately. 

Since the mean value of a matrix is the same, no matter whether the matrix 
operates to the left or to the right, eqs. (197) and (198) are seen to be ful- 
filled if we assume that z, contains only the y::s and expressions of the type 
W By By d x3 contains only the 6;:s and expressions of the type w VEYL Y. 
Ak ee cas (197) ae ie excludes for example the possibility Ks 
using the p;z:s in the zs, since a differential operator gives ee ae i‘ 
when operating to the left and to the right without integration over the whole 
space. The most general form of 2, and zg, is thus 


ry = PI (yx, Mi Seesed sl Sak ake a (199) 


~ a 200 
reg = wl (ye, Ys °° Bms Bus °°) Y: ca00) 
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where the function J has to be the same for both a, and zg, if we assume it 
possible to derive the two eqs. (191) and (192) from the same Hamiltonian. 

The conditions of eqs. (197) and (198) being now automatically fulfilled, we 
have to determine the conditions which must be imposed on I if m3 and z, are 
to satisfy eqs. (193), (194), (195) and (196). 

The most general form of J is clearly a sum of products of the type yxy °° 
-BnBn-++, 80 that z, is a sum of products of the type vevi>>* YP Bm Bao 
‘tl m3 a sum of products of the type BmBn- pyryi-'* Y: Let us now con- 

sider, for example, 


TE B = Ly Za Bm ba aay W Vk DAR 2 Ue (201) 


We know from equ. (39) that under a Lorenrz transformation yyy: y 1s 
transformed as a tensor, 1. e. 


4 4 
ig ==>) G s' De ‘Akr Ais * ergy se Wr Ya Y. (202) 
r=1 s=1 


Let us now form Q; 73 Qp and make use of equ. (9): 


4 
—l1 + <a = ~ 
Qs 5s Qs => Ce > diz ieee 2 Bm Q 3Q5 BnQs- Pyrys P= 
r=1s=1 
4 4 4 4 
) SI @ = 
ie pl pe eas 22 + Ain Ais *** Omp Ont -* Bp Be PYrYs Ys (203) 
r— is p=1 t=1 


This expression must by equ. (194) be identical with the mz, of equ. (201), and 
this is clearly the case if 


Dy C; BraiPn Sit EV LN 
=D > 33. * kr Qs + Gmp Ont -** Bp Bis? * Yrs ---. (204) 


p=l1t 


Hence the condition for the validity of equ. (194) is that T= 3¢;Bm Bn --: yu yi: 
has the form of an invariant, if the f;:s and y;:s are considered as vector 
components. Clearly this property is the condition also for the validity of 
equ. (193). 

We have now only to investigate eqs. (195) and (196). E. g. for zs equ. (196) 
means that the quantity 


Byly=y*Byly (205) 


is anti-Hermitian, or that By,J is anti-Hermitian, i. e. 


(By l)* = — Bygl. (206) 
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Obviously we get the same condition for the validity of equ. (195). Summing 
up, we have found that all the conditions of eqs. (193) to (198) are fulfilled if: 


1) the I of egs. (199) and (200) is a function only of the fy:s and VES, 
having the form of an invariant if the B,:s and yi:S are considered as vector- 
components ; 

2) Bygl is anti-Hermitian. 


The most general expression of J having the property 1) is clearly a sum 
of expressions of the type 


k=1 


4 
DA Vi vn Bye Bae Bree (207) 
m1 


Y 


where the summations are always taken over pairs of indices, but where the 
order of the factors are quite arbitrary. 

Firstly, if a summation goes over a pair of y;:8 as the yz:s in the expression 
(207), we can always by means of equ. (46) move one of them close to the 
other, and performing the summations over all the 6-symbols appearing, we can 
thus reduce the expression (207) to a sum of expressions of the type 


ye Bree Brow Bree, (208) 


14s 
tMe 


I: 


where no summations over pairs of yx:s occur. 

By means of HarisH-CHAanpRA’s procedure for reducing the general invariant 
in the f;:s, reproduced in Chapter III, we can now move such f;:s, as are 
summed together with another /;, out to the left, thus reducing the expression 
(208) to a sum of expressions of the type 


4 


4 
SO ile Do ve (Cy @g + C5 @5) °° Bee Bree (209) 


k=1 l=1 


where c, and ¢; are ordinary numbers, and no summations over pairs of Bx:s 
or yr:S occur. 

We will now proceed to prove that in the expression (209) we can confine 
ourselves only to such terms in which all indices k,/, --- take different values, 
since all terms in which two or more indices take the same value can be reduced 
to expressions of the same type as (209) but with fewer fr:s. 

To prove this we note that the sum of all the terms of (209), im which two 
or more indices take the same value, can be written 


ois 
Ai 


>; --- [1 — (1 — 6u) (1 — bem) (1 — Ome: 


k m=1 


I 
ran 


U 


l 
ran 


Pre erry (aan aL C5 Ws) -++ By ++ By ++ Bm ree, (210) 
where 6-symbols of all possible index-pairs occur in the bracket. 
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If we expand the bracket, any term in the resulting ‘sum is of the type: 


+ 


4 4 4 
Sor: Dee ye Ddide At8 ys = Ona ye em ee 


“(C404 + 0505) °° Ba Be Bm Buoy (21) 


where at least one 6-symbol occurs. 
After summation over one index in each 6-symbol we get 


~ 
> 
e 
> 


4 
Np Yes Pe (64 Wy FF Os Wg) Br Br Be (212) 


where we have written out only one group of equal indices, over which we 
have to sum. Using equ. (46) we can reduce this expression to a sum of terms — 
either of the type 


Dc ye (Cag + 65.05) -- > Be Bre? Bros (213) 


r=] 


with one y, and an odd number of f;:s, or of the type 


Yes (C4 Og + C505) °° Bro Bros Broo Bro (214) 


with no y, and an even number of f;:s. 
Using equ. (88) we can now move the f;:s out to the left, giving in the 
4 


first case only one f, and in the other case a 6,, which sum is of the type 

r=1 
(cs@4 + C5@5) and can thus be incorporated with (cy@4 + ¢;@;). Every time 
we move a f, we get of course in addition terms from the left hand side of 
equ. (88), which after summation over one of the indices of the 6-symbol are 
again of the type (212) but with fewer f;:s. We proceed in the same manner 
with all other groups of equal indices and with all terms appearing with fewer 
B.:s. Finally we have thus reduced the expression (210) to a sum of terms of 
the type (209), but with fewer (;:s than (210). With the terms of these ex- 
pressions, in which two or more indices take the same value, we repeat the 
procedure described, and finally reduce the expression (210) to a sum of expres- 
sions (209) with all indices different and with fewer {;:s than we had from 
the beginning. 

We have thus proved that the most general J can be expressed as a sum 
of all the possible expressions of the type (209) with all indices different. 
Such summations will be denoted below by %’, so that the expressions of which 
‘I has to be a linear combination are: 


et Dy Dy yer We (6g g + Gy Op) Pe (215) 


k=1 l=1 
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Since the indices only go from 1 to 4 no such expressions with more than four 
yes and four f.:s exist. 


Before we list the possible expressions (215) we will prove the following 
formulas: 


5 Bi Be: =Bi Be --: ws (even number of f;:s), (216) 
4 Bib -:> = Pi By --- wg (even number of f;:8), (217) 
4 Pi Br Bm --> = Bi Bx Bm-:: @s (odd number of Bx:s), (218) 
5 Pi bxbm >>: = BiBeBm-:: @y (odd number of fxz:s8). (219) 


It is easily seen that they are the immediate consequence of the simplest one, 1. e. 


Os Bi = Bi Oy (220) 


and its Hermitian conjugate: 


Og Pi = Bis. (221) 


These two, equations can be easily inferred from HarisH-CHanpra’s »J™for- 
malism» [11], but can be more directly proved in the following way. We write 


4 
@O,=a+tb > Bx Br (222) 
k=1 
and 
\ 4 
| @,=1—a—b >) Br Br. (223) 


k=1 


The expression, which we have to prove to be zero, is: 


05 Bi — Bio, = 


= («+0 dpm) a 6i(1 a b > pubs) = 


=(2a—1)hi + bd (Br Br Bi + Bi Br Br) = 


= (2a—1) fr +b Dd (Br du + Bi) = 
k=1 


= 8, (2a—1 + 5b). (224) 
Now equ. (104) for @; gives @= — 3 and b=14, and equ. (161) for a; gives 
a=—2 and b=1, and in both cases we see, that 2a—1+ 56 vanishes, 


and the formula (220) is thus proved. 
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The possible expressions (215) for I are now easily seen to be 


is, (225) 
io (226) 
‘ e 
i Dy re (Os Be + Bios), (227) 
k=1 
4 
iD) 7 (Oa Be + Be oa), (228) 
k=1 
4 
! 
Vk (5 Bx — Br 5), (229) 
k=1 
4 
Vk (Og Br — Bx Oa), (230) 
k=1 
4 4 
, V 
1 Ly VeV(@s Be Bi + Bi Bs os), (231) 
k=1 1=1 
4 4 
, My 
DD) Vea Bi Bi + Bi Broa), (232) 
k=1 1=1 
4 4 
eV —\/ 
v2 ve Yi (5 Bx Bi — Bi Bx Os), (233) 
k=1 l=1 
4 4 
y/ y, 
td Dd) vey (oa Br Bi — Bi Brora) (234) 
k=1 121 
‘ , z , ¢ , 
2 1 Dy VEY Ym (Os Br Bi Bm + Bm Bi Bx Os), (235) 


me =H Ve Yiym (4 Bx Bi Bm at Bm Bi Br a); (236) 
VE YY (Os Br Bi Bn — Bin Bi Bx Os), (237) 
a > s VeVLVm (@4 Bx Bi Bm a Bra Bi Bx ,), (238) 


4 4 
a pa 2 pa VE VL Ym Yn (Ws Bx Bi (see, Ba ate Bn [yn Bi Bx s), (239) 


k=1 [=1 m=1 n=1 


Ay = Vv SY 
—_ >) Vk VL Vm Yn (@4 Bi Bi Bm Bn ae Br Bm Bi Bx a), (240) 
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t 


Dh ~ SF > YieYeYm Yn (5 Be Bi Bm Bn — Bn Bm Br Bi 5), (241) 

k=1 (=1 m=1 n=1 

> yy S py Vk Vi Yn Yn (@q Br Bi Bin y= Bn Bm Bi Be 4), (242) 
t=1 m om 


where the second terms in the brackets and the 7:8 are inserted to make y, 
times the expressions anti-Hermitian. 

Now it is easy to see by means of eqs. (216)—(219), that (227) and (228) 
are equal, (229) and (230) equal with opposite sign, (231) and (232) vanish, 
(235) and (236) are equal with opposite sign, (237) and (238) are equal, and 
(241) and (242) vanish. 

Moreover, the expressions (239) and (240), are either zero or proportional to 
the expression 


4 4 4 4 
fu a 2 2, VEY Ym Yn Bk Bim Bn, (243) 


as can be proved in the following way. It is easily seen that both can be 
written as 


| 4 4 ‘ 4 4 
(a+0> BB p,) > pa Pap a eV Yn Yn Bt Bi Bm Bu (244) 


r=1 1 m=1 


Now the index 7 takes on summation the four different values k,l, m, n, and 
the expression is thus 


4 4 4 
pas ee DE OR kVLYm Yn la Bx Bi Bm Ba of b Be Br Br Bi Bm Bn + 
=i b Bi bi Bx Bi Bm B, hi TO Br Bu Bx Bi Bm Bn is b Bn Bn Br pi Br fal a 
4 4 4 4 
= > > > Dey: Vi Ym Vn (a ae 2b) Br bi Bm Bix (245) 


For vector mesons, i. e. for the Buss, all the terms (225)—-(242) are possible 
except those which we just have found to vanish. The possible Z:s in this case 
are thus: 


1 @s, (246) 
1 a4, (247) 
o = 
Day (248) 
k=1 
4 
vi (Os Be — Bes); (249) 
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| 


s re ay 
iD) Di 071 Os Be Br, (250) 
k=1 [=1 

4 4 : ae 
Foes >) ve yi Oa Br Bi, (251) 
1) ae 

4 & 4 — — —_ a a 

, fe SAPP - = = : 
DY DY DY evry (@s Be Bi Bm + Bm Bi Br Os), (252) 


~ 
~ 


= 

\| 

Mea = 
f 

|| 

A 
ees 

ll 

WAL ran 
= tte 


= 


nt ViVm Bx Bi Bin (253) 


I 
b 
23 

ll 
ray 
S 
3 

au 


MM 
ibe 


4 — — = oe 
2 Vk Vim Yn Br Bi Bn Bn ) (254) 


| 
rar 

| 
pa 
3 


where the expressions (227), (233), (234) and (237) are transformed into (248), 
(250), (251) and (253), respectively. 

For scalar mesons, terms with more than two f;:s vanish by equ. (85). 

Of the remaining terms, the ones corresponding to (250) and (251) are either 
zero or proportional to 


Ps 
Dal 27 yi Br Bi, (255) 
Ba wa 
as can be proved in writing them in the following way: 
4 4) 4 ae 
(« a5 oy Br B B) > > vey Br bi = 


4 


= a> ye VeVi Bi Bi + Ta ve Yt (Bx Be Br Bi + Bi Bi Br Bi) ae 


4 
=(a+b) > ve Yi Bx Bi. (256) 


The possible Z:s for the scalar mesons are thus: 


Ws, (257) 
1g, (258) 
i D> ve Be, (259) 
k=1 

uy 
Dy Vi (@s Br — Bx ®s); (260) 
k=1 

4 4 
5 Salt , nie 
iD Dd) ver BB (261) 
k=1 [=1 
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We want to draw attention to the fact that the interactions listed here are 


/ valid not only in the scalar and vector but also in the pseudoscalar and 
_ pseudovector theories. This is due to the fact that the f,:s of the scalar and 
_ vector theories are equally valid in the pseudoscalar and pseudovector theories 
respectively, making in both cases eqs. (191) and (192) invariant not only for 
_ proper Lorentz transformations but also for spatial reflexions. The pair theories 


thus give, in contrast to ordinary meson theories, no different interactions for 
the pseudotfields. 


We are now able to prove that, if uw, and ws are both different from zero, 
there is no lack in generality in assuming them to have the same value. 
We will prove this by transforming the two equations 


4 
(Sno + tem —¥1¥)y=0 (262) 
eal 
and 
& ‘ 
(Spire + teluor + 1505) — 91 y) ¥=0 (263) 
ial 


to a form, in which the mass term of the second equation is a constant times 
the unit matrix. 
Let us for this reason divide J into three parts 


[pe Pessoa Ly =F Is, (264) 


where J, stands for the terms (248), (249), (252) and (253) with an odd number 
of Bi:s, I, for the terms (247) and (251) with an even number of /;:s and an 
w,-factor, and J; finally for the terms (246) and (250) with an even number 
of Bx:s and an w;-factor. As is seen from eqs. (245), (256), (161) and (104) the 
terms (254) and (261) are to be included in J,. 


Let us furthermore introduce the new wave function 


P= (114 Ms)~* (V pag + V ws 05) Y, 


giving 


By taking the Hermitian conjugate of the last two equations and multiplying 
them from the right by £, we obtain, since 6 commutes with both m4 and 
Ws: 


UO = Y (Vita WO, + V us 5) (a fs) * 


and 


OO L 
2+ OE) ual 
fa Vis 
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Equ. (262) now gives: 


4 
bosons +icM—W’ ae ue pal 
k=l Vin Vis 


Vita. Ms (Lo se br AF fi nie + | vy ——a() 


ls | V us 
or by eqs. (216)—(219): 
4 Pe i 
Siar +icoM— (1, +|/ ay pe \/ Sil selec) 
= eed ys J 
If, on the other hand, we multiply equ. (263) from the left by 


(ts Hs)? (V gos + V pes 4) 


we obtain for the first term: 


4 
> Bi De (its Ms)~* (V jug og + V pos 5) B= = Bx pr ¥ 
k=1 k=1 


The mass term gives: 


10 (Uy Ms) * (Vig Ws + Vis 04) (4g + M5 Os) P= 


(265) 


(266) 


4 (Vig 5 + Vis 4) (V tty 4 + Vius 5) (Ma Ms) *(Vitg Wg 1 Vits os) as 


= 1¢V iy bs 
By eqs. (218) and (219) we have for the I -term 


me LY s)~* Ving os ote Viusodploy : ioe plop, 


for the J,-term 


as (ta fs) * V pag Ogio V ps o) play = eae (UT hy as Vispliy¥= 


a [ts Typ (Hats)! Vtg og + Vis 03) B= —y Fe Ys I, ye", 
| : Ma 


and for the J;-term 


= (144 ts) * Ving 5 a Vis os) pls yp es (4g fs) * Visplsy Y= 


aw |/ By (is Ms)? Ving og + V us 5) Pa BY/ Bete 
5 Ms 
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(268) 


(269) 


(270) 
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If we add the expressions (266)—(270) we finally get: 


4 — fad, 
Seat + ieViuits 9 (I a \/ st + \/ #1) ; ied ea OA 
k= Ma donald 


b 
Jarl Us 


Has. (262) and (263) are now transformed into eqs. (265) and (271), where 
the mass term of the second equation is a constant times the unit matrix and 
where the interaction term is a linear combination of the same terms as in the 
original equations but with different coefficients. Our statement is thus proved. 


CHAPTER VI 
The quantization of the meson field 


The exact treatment of eqs. (191) and (192) would of course imply a quan- 
tization of both the nucleonic field y and the meson field ¥Y. In the absence 
of methods for deriving useful results from such a general formalism, we will 
here confine ourselves to the usual approximate method of performing the quan- 
tization of the meson field under the assumption that the positions and spins 
of the nucleons are fixed. This approximation implies that the mean values 
| pyeyi--: py can be treated as ordinary numbers, which in the final result have 
| to be substituted by 


| y RM ODOM) Oa OQy yay Yen VIN (272) 
NV 


where the summation over N is assumed to be performed over all the nucleons 
present and Qy is a source-function around the N:th nucleon. 
By means of the meson equation 


4 
| (> fem — 8; -pLy) ¥=0 (273) 


| oa 
we can now form the total Hamiltonian of the meson field: 


H= [PpEPdIV=—ic{ VBp¥dV = 


3 < 
= ic f ¥(S pem— 0; — ply) Pa Ve. (274) 


The method of finding the interaction potential between the nucleons consists 
in calculating the difference between the expression (274) and the same expres- 
sion where the interaction term z;—wyJy is cancelled. This difference, 
which gives the increase in the energy of the field due to the nuclear sources, 
is then used as the nuclear interaction potential in the Drrac equation for 


the nucleons. 
81 


S. HJALMARS, On the general formulation of meson pair theory 


In ordinary meson theories, as in the electromagnetic case, a first so-called 
ystaticy approximation of the interaction energy can be obtained by determining 
a static solution of the meson field equations, i. e. a solution of the equations, 
where all time derivatives have been cancelled. This static solution is then in- 
serted in the Hamiltonian of the meson field, and the interaction energy of 
the nucleons is obtained as the difference between this Hamiltonian and the 
unperturbed one. 

As has been kindly pointed out to the author by prof. FrouticH, no such pos- 
sibility exists in meson pair theory. In fact, if we cancel the time derivative 
4, in equ. (273), we get an equation, the solutions of which evidently give the 
result zero when inserted in the Hamiltonian (274). From the fact that no such 
»classicaly approximation exists, we can conclude that the quantization of the 
meson field is an essential feature of the pair theories. 

The quantization of the meson field can be performed in the following way: 


Let us for short introduce the operator 


3 
O=ic (> BePr— 93 — a) (275) 
k=1 
Then we can write eqs. (273) and (274) as: 
pkP=OYv (276) 
and 
H=| Vp,EPIV=| VOW. (277) 


Let us now following KrmmeEr [18] define the momentum J//,, conjugate to 
the component ¥,, as the 7-component of 


II = BW. (278) 


According to this definition there exist no conjugate momenta to the redundant 
components, for which we have (6,¥%),=0. Thus, only Y%, and W; in the 
scalar meson case and Wy, Wyo, Was, W531, M5. and WY, in the vector meson 
case have conjugate momenta. Similarly the conjugate momentum JJ, to the 


component YW, is defined by the r-component of 


hee (279) 

The commutation rules are now: 
[T7,(r'), %e(r")] = 6(r’ — 3") drs (7,8 non-redundant), (280) 
[W,(r’), Is (r’")] = 6(r’ —r'’) 6,5 (r,s non-redundant), (281) 


and all other pairs of non-redundant components are assumed to commute. 
From these commutation rules and Hamiuron’s equations 


0 Pe 
th Pra [Y%., H]  (r non-redundant), (282) 
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SOL, 
oh ras [7,, H] (r non-redundant), (283) 


we can now deduce the non-redundant components of equ. (276), if we assume 
this equation valid for the redundant indices, i. e. 


(O¥),=90  (r redundant). (284) 
In fact we have: 
(Bx Wr) = in) — ne’), H = 
= [UT (r'), [ >) Br") (0 Pr), dV"] = 
“red. 


=/[ SUL), Br" (0 Ve”), dV” = 
en, 


= [ >) bd (r’ — 1") (0 Pir) dV" = (0 Vir’, (285) 
| se 


We will now expand the time dependent, quantized wave-functions VY, WIT 
and J7 in terms of the non-quantized eigenfunctions 
z 


Beet 


We Plate hy 


Dae 


and W"(r) eh” (286) 


to the differential equation (276) and its adjoint equation. Here Y"(r) and yn (r) 
are the solutions of the equation 


By En Y" =O (287) 


and its adjoint equation. These functions are orthogonal, since by multiplying 


equ. (287) from the left by wn and multiplying the adjoint equation for Y%” 
from the right by Y”, subtracting and integrating we get: 


(En, a. En) i ym Bs yn d V — 0. (288) 
Further, we have by multiplying equ. (287) by YW from the left: 
EB, | "py P"aV = [ 2 O Pray. (289) 


Now, as we will see in the next chapter, the right hand side of this equation 
is positive in the case when zz is zero. When x; + 0, this is not generally 
the case, but if zg is sufficiently small, i. e. if zg is a small perturbation of 
the meson field in free space, than we can still assume the right hand side of 
equ. (289) to be positive. We can thus normalize the Y":s according to 
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[ Hie ed = [ 2" By Pd V = Sm * On, _ (290) | 
where | 
E 
= (291) | 

| En | 


is +1 for positive eigenvalues and —1 for negative eigenvalues. 
Let us now assume the expansion 


r) = >) ao, Y*(r), (292) 


where the time-dependence of the eigenfunctions is taken into account by the 
time dependence of the ad,:s, which are thus supposed to be proportional to 


: 

Soe 
n 

eh 


Multiplying equ. (292) from the left by Ty (r) and integrating we get: 


dm = Sm he TI” (r') P(r’) dV’. (293) 
We have further: 
P(r) = (x) P= a rip oe: (294) 


By multiplymg equ. (292) from the left and equ. (294) from the right by pf, 
we obtain: 


= > ay La) (295) 
and 


IL (r) = >) a% 11" (r). (296) 


n 


Since J7 = VB,= ¥* 6B, we get from equ. (293): 
Teed p TT, (r") P(r’) V". (297) 
We are now able to determine the value of the expression: 
[ams ae] = Bu dm ff DLE (ey PR rr), The (da = 
= OO DH 1 (r)Pe(ridV, (298) 
by equ. (281). Equ. (290) gives finally: 


laa an] = 6m Omn.- (299) 
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We will now express H as a function of the a,:s. From eqs. (296) and (292) 
we have 


H={WEPdV= 
=f Dd Ddok 1 Ba, Wav = 


mM n 


= Ds >: on On En im Se Vee > OR On On E, . (300) 

If we put 
Gi, mia Ky, SSt0, (301) 
an = Nr if E,, = Ey —< 0, (302) 


we have from equ. (299) the ordinary oscillator relations: 
lee el — aes all = Onn» (303) 
and from equ. (300): 
a Een er — > Le iitin + 1). (304) 


For the total charge we have: 
Seri < [Ir yar 
=e > ian gf ed Ve eda Oe (305) 


Inserting eqs. (301) and (302) we get: 


Q= Ss én € yi (nn Vinca Ae (306) 


ne m 


As usual we interpret &;&, as the number of positively charged mesons with 
the positive energy E; and “nr as the number of negatively charged mesons 
with the negative energy L,,. 

The expressions (304) and (306) are, however, not satisfactory, as H is not 
symmetrical with respect to positive and negative energy eigenvalues, and @ does 
'not vanish in the state of no mesons, 1. e. when gop = 1. ya 
_ This insufficiency is, as is well known, due to the fact that we have used 
only one sign for the meson charge e in the original Dirac equation for the 
meson, whereas the other sign is equally possible. To see this we introduce, 
as in Masorana’s treatment of the electron [24], the electromagnetic field A, 
In equ. (273): 


(> Br @ = : As) hy ns) Y= 0. (307) 


k=1 
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The interactions 2; are of two different types. Some of them, which we will | 
denote by TB, do not change their value when the (;-product, which they 


contain, is transposed, i. e. when rows and columns are exchanged. Denoting | 
the transposition by a bar underneath we have 


7p = Tp. (308) | 
Making use of the fact that 


Reo) er ton (309) 


and that in the representation of the $;:s in Chapters III and IV 


tee (310) 
we see that the interactions (246), (247), (249), (253) and (254) are of this | 
first type. 

The interactions of the other type, 73 , change their sign under a trans- 
position : 

m8 == — 73. (311) 
Clearly the interactions (248), (250), (251) and (252) have this property. 

We will assume that the interactions of the first kind are proportional to 
an even power and the interactions of the second kind to an odd power of 
the meson charge e. 

We can thus write equ. (307): 


4 
4! e 9° fg ’ 
ba Br (0: pe 3 A, os Os Sg Tt eu x Ve==(); (312) 
k=1 
If we change e to —e we get: 


4 
be Br (v: Bi "Ay cage) 4 Fed le 7B qenen a x) pe 2 (yh (313) 


k=1 


where ¥” is the wave-function, charge conjugate to WY 

If we now transpose the adjoint equation of equ. (312), we get from eqs. 
(308), (310) and (311) and since y;, which after the transposition operates to 
the right, has to be changed to — pz: 


4 
is — Bi (- De — : A,) — 0, — 2 a3 + en a) P=0. (314) 
k=1 


The identification of eqs. (313) and (314) gives: 


PL, (315) | 
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Transposition of equ. (312) and comparison with the adjoint equation of 
equ. (313) gives in the same way: 


pL wy, (316) 


The identifications of WY" with W and W" with WY are of course possible 


only if wy and Y are transformed under a Lorentz transformation as Y and 
respectively. 


In fact, if we transpose eqs. (25) and (6) we get 


and 


I 


For the proper Lorentz transformations we have by eqs. (13) and (14) 


ent Ghd 


IS 
| 
ee 
TMe 
Mea 


i 
we 
1 
uf 


. 
| 
| 
neh 
M- 
S 


i 
ie 
1 
Me 


Since 


qu = [Br Bil 


the quis are anti-Hermitian matrices with only real elements, and they con- 
sequently change their sign, when they are transposed. We have thus: 


and 


For the spatial reflexions we have 
Qt= d= B, 
acre As a 


For both proper Lorentz transformations and spatial reflexions we have con- 
sequently 


giving 


yp =Qv (317) 
and 


— WQ-1, (318) 


in conformity with eqs. (6) and (25) respectively, and the identifications in 
eqs. (315) and (316) are thus justified. 
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The definition of the mean value a of any operator a(e), which is an explicit 
function of e, is now according to MaJoRANa: | 


ae 1 tif WB, a(e) wdV + if WL Bi a(— e) WL d V}. (319) | 


In eqs. (304) and (306) we have already given the values of the first term _ 
in the bracket if a is the total energy and the total charge. 
The second term for the energy can be calculated if we make use of the 


transposed of eqs. (292) and (294), 1. e. 
y— yy; a, (320) — 


and J 
= Sai (321) 


In fact we obtain: 
[ PR, BY av — | Ppee vay = 
SS > 23 Gn Cie En (: Vee By ym ia ae 


me n 


er S >. An ie Ein si ym By 6) as al oe 


m ” 


1 fe 
oe > An An On EL, => 


ML 


Eqs. (319), (804) and (322) now gives: 


H = >) En (§ én + 4) — D>) En (yin nm + 9), (323) 


n mv 


which expression has the required symmetry between positive and negative 
eigenvalues. In the state of no mesons we have 


H=})> EF, —}>/ En. (324) 


m 


‘ For the second term in the bracket of equ. (319) for the total charge we 
ave: 


Se | PB, Ey ce a. iy 
== => Dine a8, yudVv = 


m n 


= >) An an On = 
=e > (&En +1) —e Di nham. (325) | 
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If there are as many positive as negative eigenvalues, eqs. (319), (306) and 
(325) give: 


Ol 6 > fbn =e) Uh tm; (326) 


which has the required property of vanishing in the state of no mesons. 

It follows immediately from eqs. (326) and (323), that the total meson charge 
Q@ has the required property of commuting with the total Hamiltonian H, since 
both Q and H are diagonal at the same time. 


CHAPTER VII 
Elimination of the redundant components in the scalar pair theory 


We will calculate in this chapter the Hamiltonian (274), expressed only in 
the non redundant components Y%, and W;, eliminating the redundant compo- 
nents by means of eqs. (114) and (124). 

As was proved at the end of Chapter V, we can without lack of generality 
assume fi, = &, = @, and eqs. (114) and (124) are then: 


ee s Pn Tae ae = (78 , (n = Il, 3. 3), (327) 
ue ee 

pee Gyo (Waa), (n= 1, 2,3) (328) 
TH Ee 


The Hamiltonian is: 


n=ief ¥(S 
k 
Caones 


5 ~ 
== ip » a Wi ) (Onk On'5 <o Ons On'k) Pr Py ar uae YS hag U5 


Br De + ine) Wav = 


k=1 


5 


3 
oo Gv ac vv, ied? W, (a Wav — 


n=4 


3 
={|- ee ape be > Wo (7s Fi = (Lh aw, — 


5 
ws a Ce W, Y. ia 16 >: Ww (78 ¥,| d Vs 


n=4 
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and finally by means of equ. (328): 


oe sa, 
isha) W SRS OE she? Vee an 
i ; 


tt =a O Uy: O Ly 


3 | 
— ic ms + * >) (L m8)u (a ¥,| dV. (330) | 


k=1 | 


If we put z3= 0 in this expression, we get the positive Hamiltonian for the . 
scalar meson field in free space, and quantisation as in the preceding chapter 
is therefore possible, if we assume that the last two terms of equ. (330) are 
small in comparison with the first three. 

The most general form of az we have found to be: 


Pree. — 
3 = 14 Py ws — 


‘ 


ri I Ain ee: 
— +61 PYyuw,_ 


4 
—i% > pyep Be + (331) 
k=1 
4 
SpE omer ee 
+ & > pyeyp (Gs Be — Be @s) — 
k=1 
4 4 
aie y CVs w~ = Pa 
— its DD) Prev BB 
R=1 [=1 


where the ¢@:s are real, positive or negative constants. 


Let us put 
SYP Y, (332) 
Som = © Son =Y Onp= + y* ony, (333) 
SY Oy, (334) 
Sim = +8in = — VY C:omyp = FY" Cony, (335) 


where i, k,l,m=1,2,3 and where the upper signs are used if k=1, 1=2, 
m=3 or cyclic permutations, and the lower signs if this is not the case. 
So and s; are 3-dimensional scalars. soi, soz, sos and 8,1, S;2, 8:3 are the com- 
ponents of the 3-dimensional vectors sp and s; respectively. If the nucleons 
have non-relativistic velocities we can, as is well known, put 


03 = 1 and i == (oy 0. (336) 
90 


ARKIV FOR FysIk. Bd 1 nr 3 
With the notations in eqs. (332)—(335) we have from eqs. (64)—(71) and (331): 

Jeg = — 16183 a5 + 

= a ra 83 W4 = 

sae 1&3 So & ae 

3 — 
— & >)suBe + (337) 
k=1 


Be om So a (@4 => Ws) a 


— tée S suBe (0 fi 4 — @s) = 


k=1 


— 163 >) Sox (OR Br Ba): 


k=1 


Inserting this expression in equ. (327) we get: 


Ee et i Oe 


oh 1e,. S3 ( W4 eae a 


5 
ai © BY) 2 (On4 On'5 =a Ond On'4) Ye 7s (338) 
n'=1 
3 5 
oot a) Si 
— 1 >) six >) (Ont Ons — Sn5 n't) Pn’ + 
k=1 n'=1 
a 102 So So n4 O a Ons On'4) ((@q4 = 5) Ls ale 
n'=1 
5 
=P on Pas 2 (Onk On’! Daa Ons On' k) ((@q a (5) 7) 
k=1 nm =1 
Sees 
— &3 > >; S3Kl >) Ont On't Pn 


1=1 y= 


=>. > 
AI 
wo 

fi 
Me ot 
DH 


2k 2 (On4 On'k: > Onk On! 4) P| é 


k=1 n’ 
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After summation we get since n = l, 2, 3: 


pea | —»» y; ne 


LUC 
+ G1 83 Pn — 
— 3 8in Ps + 
+ 62 Sin Ps + (n = 1, 2, 3) (339) 


3 
+ 463 > Cinch) Sank We + 
k=1 


=r C3 S2n A 5 


This is a system of equations, which is linear in the redundant components 
YW, WY, and W;, and which can consequently be solved with respect to them. 


The same is the case for the adjoint redundant components Ww, W, and Pa 
for which the corresponding equations are: 


~ 


Y, = 8 =|# ¥, Pn + 


fe 
ata G 83 WY, 36 
+ Sin 5 + (= 1723) (340) | 


cy pe 
+Y@ sil 5 — 


3 
16a Di UD) Song Pia 
Cane C3 S2n, | e 


The expressions for, ep eae vey W,, W, given by eqs. (339) and (340) 
are now to be inserted in the last two terms of equ. (330), giving a Hamiltonian, 
which is a function only of the non-redundant components Y,, YW, Y,, W, and 
their spatial derivatives. 

As an example of this rigorous elimination we will here treat the simple case, 


when only @ and @' are different from zero and all the other @:s vanish. 
Eqs. (339) and (340) are then: 


1 G's 
i ao?" eS - Vaan = ale a), (341) 
and 
~ il « as 
y= a Pan + 1 WY, (n=1, 2,3) (342) 
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or 
1 
YY, = —_ 517 eae — ‘ 
Gen as ns (M=1,2,8) (343) 
ieans Lis wog, er | 
cena, Bem = (n= 1,2,8) (344) 


If we insert these expressions in the last two terms of equ. (330) we get in 
addition to the Hamiltonian of the free space: 


t=1 k=l 


, + ” Fs, , ee ae z 5, 
{|- 61CS3 %, Po 4+ & es, Fi, Fy + Gi ess >, wv, —G 83) > iv | av == 


a a7 3 
ie * ihe % (1 § 7; 9 
=| | ees. ws Po) Coat a W,— - ae > spi, | a7, 


aa 
(ec; 3) ra 
or finally: 
ay, 3 %2 
hh? G1 S3 1 O ws 0 WY, 
= y= 77 . 
lt Ue — Cy 83 RET OX}: O Xx: 


i [aes VS Ys b1 Cs, VEY, + | dV, (345) 


where the ¢-term is the interaction term treated by Wenrze. [32]. 
In the weak coupling case, when the additional term to the Hamiltonian 
is a small perturbation, i. e. when the Gs are small, the additional term (345) is: 


rg / 1 dA rae 
[ s [eve ws Ps+a Bom 2 5 & ce WE v| av. (346) 


(=a Ox; OX 


In the other limit of approximation, the strong coupling case, when the 
interaction constants are very big, the G’-term can give two results. On the 
one hand we can make é’ very big, in which case the Yi Y4-term dominates 


3 ae 
OP NOEL, : 
over the , sae “5 term, since the factor before the latter term tends to 
al O XL O Ly 


. . h tt 
the limited constant — soe On the other hand we can make ¢é ss very nearly 
L 


equal to jc in the region where s3 is important. In this case we can make the 

02 OW, 
4 O x}. O Xr 
latter case has been treated by Pauitr & Hu [27]. 

We will now eliminate the redundant components for all the terms in (337) 
in the weak coupling case, when the coefficients @ are so small that it is suf- 
ficient to retain only those terms in (330) which are linear in the ¢&:s. which 
of course means that we neglect contact interactions. 

It is immediately clear that the last term of (330) can only give terms which 
are at least quadratic in the &:s, and we can consequently confine our in- 
vestigation to the term 


-term dominate as much as we want over the YW Y-term. This 


—icl Pn Va. (347) 
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The z in this expression always gives rise to a @-factor, and as we are only | 


interested in terms which are linear in the é:s, we can, by eliminating the 


redundant components, use only the G-independent terms in the expressions | 
for Y%, Ws and WY. If we write the solutions of eqs. (339) and (340) as a_ 
power-series in the &:s, it is evident that the ¢,-independent terms are: 


10 F 
ve: Se pee eno) 7) = a = 2 
, = ft) YY. 0 &p (n 1B , 9) 
ee ae ee i0¥ 
Y= — <4 é = 2 
ae 5p x O an (n Ls , 3) 


which approximation is to be used in (347). 
We have therefore in the indicated approximation: 


—ite ll Us PAV = 
= ie f | sein he ¥ ar 


3 
Hh, a. 0 72 T - 
1G, Ss >; Pe ite sa ae 


n=1 


-- 


aig 9 Sg > > YW, (On4 Ove Ons On'4) Ve 


ete 
3 5 5 


Sah > Sik >: », WP, (One On’s — Ons On'k) Py 


[ni zeaal nm=1 n'=1 


5 5 
a 1 ey So 3 >, Y (Ona On's a Ons n'a) ((W4 < @s) Pe Si 


hel 


3 5 5 
+ & we Sik > >, nv (Onk On's — On5 On's) (Gg — Ws) F), — 


kt nl yi 
3 3 5 (3) 
* Su , oe 
anes ye > S3KI > > Pn Onk On’ Be gee 
(esi ei ee 
3 5 5 
. 1 NI = 
meres S2k ya} SS n (On4 On'k ia Onk On'4) By One 
k=1 n=1 n’=1 


= | [esses We 


3 ‘ Eo ‘ 
i (CeO emo ; 
Dem Ee =p a Ci SeO@ Wa Vea ate 
a Cte VOD: ! 2 * 
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+ isc (WE Ys — WF WY) + (350) 


3 
oe, 0% 7 
+ 7a dove (’ a ve =) # 
k=1 is 


O 2X}: O x): 


+ soc (VEY, + FY) + 


os uae ! OT Or 0 Ws 0 
a isa D, > S3kI alas nen a 4 a 


u1l/ #. 
=; | oe US; (351) 
tee “2 oe cis (352) 
Since from equ. (278) 
5 
Lge >, ote Vo 0 L, (353) 
n=1 
equ. (280) gives: 
ee ea | Or — 71’). (354) 
This equation gives for U and P: 
Ma), (nol id) On =r), (355) 


which is the ordinary commutation rule for a variable U and its canonically 


conjugate momentum P. “i 
If we introduce the dimensionless interaction constants (’,, defined by the 


equations 


ey ii 
as a (356) 


we finally obtain for the Hamiltonian: 


alee pind (th orad0) 8 Sac" P Pe Ue ular 4 
8a 82 


e” * TTX 
aF Sera 8 (U U; 
ie C | 1 a 
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+7 pene U* grad U — (80 P P*} + 
x 
87C , * Pp) 
+ 4 (Cs) = {P U — U* P 


- ate U* Gi SUF grad UN (357) 
144 
=yr  S7tC 


te Ch 69 PROS EE 


° 


(iia dea Oe wet adg ts ee 
MG 


+70, 055 {grad U* X grad U} + 


+ «03 82 na {P grad U— grad .U* P| dV. 


As was mentioned above the Ci-term has been treated by WenrzEL [32] 
and the C/-term by Pautt & Hu [27]. Moreover the C3-term has been treated 
in the weak coupling approximation by Jaucu & Lopss [16]. 


CHAPTER VIII 
Elimination of the redundant components in the vector pair theory 


If we assume “4 = fs = M, the equations of definition (180), (181), (189) and 
(190) for the redundant components in the vector theory are: 


Ih fe 
Y= =e (PE bad sia Pn yet) pa - (7g Pen (k, nm = 1,2; 3), (358) 
vie 2 ae 
54 jic ~, Pr ¥4 jc (z¢3 )5a> (359) 
Z i | 
Yo, (Peepy— Vara) = (Wta)in (ky n= 1, 2, 3), (360) 
> 1. aie Wes 
Taam jie 2 Pax De — ae (Y 708)s54- (361) 
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The Hamiltonian is: 
~ 3 = 
HH = 46 / as iS Bi De + ine — 75] A al ee 
e k=1 


3 5 3 
—= HC { > > >, > > Pray t a ( =< Oms Om! 1% Onn’ ee One Om! 5 Onn ) pe ie n’ 


k=1 m=4 n=1 m'=1 n'=1 


5 3 
SH 0 >) Mya mn — > > Prin ( (203 co d V ees 


m=4 n=1 m=4 n=1 


3 Hy » 5 mf 
- i E > 2 Pon Di Pin + © 3 Wy, Pi P54 — p pc ye Pan Pan — 


k=1 n=1 k=1 m=4 n=1 


3 
— 4 y oo oS (703 ye  e— 


m=4 n=1 


| 
= 

| 
Shi] 
Me 
Mz 

: 

S 

Sl 

| 

3 

a 


k=1 n=1 
J oG ye Tee ae 
oa >», Pon Dx ( Pin —= >) 2 Yuan Van, — 
a ea fog ee 
Z Re 3 4 83 
— = 7) ~ 
= > ak Dk (Toa Y)54 — ec” > Py Pa. — we? >, Po, Po, — 
M zl k= k=1 
as i 
=e Dy > mn (7s Pn | d Ys, 
m=4 n=1 
and finally 
Pipe eee Pon OV Vie Ys 0 es) 
= j[ je = 
rd k=1 n=1 
ex 1 OPlie OPan wer Serie 
— Wf. Ue 5 AF | vas WY, ae 362 
a iH 5 Om, da jet 2 4b £4n + Le 2 bk E51 (362) 


ee he ies : 
—4¢ VY 5 TE oe (Ym) 5a (x8 P54 = >> > (YW zs)in (%s P| dV. 


Putting z;—0 in this expression we get the positive Hamiltonian of the 
vector meson field in free space, and the quantization in accordance with 
Chapter VI is thus possible, if we assume the terms containing 73 in equ. (362) 


to be small in comparison with the other terms. 
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The most general form of Te is according to eqs. (246)—(254): 
73 = iC, YY Os + 


—"~ = 
ae OLE UO = 


Bi 


+ @ P ve p Br (Oa — Os) + 


Y Yk yy Br Bi 4 + (363) 


+ 
> 
a | 
M- 
i 
= 
a 
< 
SI 
Dl 
oH 
uo 
+ 


VeVi Vm Br Bi Bae 


Sr 


=F C4 : 4 DH “ > y VeVLYm p Be Bi Bm (@,— Ws) i 


If we now introduce the s;:s of eqs. (332)—(335) the c¢,-, co- and cs-terms 
give a result analogous to that obtained for scalar mesons in equ. (337). 
The c,- and c¢;-terms are more complicated. We have: 


4 4 RAS 
+> > D3 WM VEVi Ym BE Bi Bm = 


k=1 l=1 m=1 


=3 Be Dy * Sox (Ba Br Bi — Br Ba Bi + Br Bi Ba) + 


3 3 a = 
= 4 >, > Sots (Bs Br Br — 4B, Bal 


1 43, (Bibs Bs — — Bs Box + even perm.) = 
ae a) 2 Sonu ( (Ba Br Bi — 3 Br Ba BO a: 


a Sy a, 5 Bs + eycl. perm.), 
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since py Bs B3 = — B3B26, and since the cyclic permutations give all the even 
permutations. 
Further we have: 


lH 
Aw 
Me 
M- 

ssc 


VEVLYm Yn WV Br Bi Ban Bn == 


_— 18 (By Bo Bs Ba + even perm. —odd perm.) = 


52 (BB Ba Bs — Bs Bs Be Bs — Ba Bx Ba Ba + 
* Bs Bs Bo Ba + even perm. of 1, 2, 3 — odd perm. of 1, 2, 3) = 


9 So (Ba By Bo re =P, Ba Bo Bs + even perm. of 1,2, 3— odd perm. of 1, 2, 3) = 


ge? (Ba B1B2 Ps — Ba Bs Bo Bs — Bi. Ba Ba Bs a Bafa bubs a 


+ even perm. of 1, 2, 3) = 
= 089 (Bs pues Bs — py Ba Bo Bs + cycl. perm. of 1, 2, 3). 


Using these results we can write the expression (363) for the most general 
Is in the following way: 


Tes at ee 1C4 83 Os Pak 

a aA = 
a= Cy 83 W4 we 

=f 7 
— 4 C2 8 By — 

3 = 

= * . 

CD DS, Sik Bx ali 
k=1 


— J 4 


+ C2 So Ba ( 4 — (5) Sa 


a 4cy > Sik Be (w4 = Ws) ae 
foil 


3 3 


+¢ >) ae s3xi Br Bi@g + 
k=1 1=1 
3 — — =+. i 
= 5S = S.= , 2 
+ 463 >) sox (Ba Bx — Br Ba) @4 + (364) 
k=1 


v8 
= VV , 7. WO. ae 
+ ¢3 ms > S3r Pe Bi@s + 
a 
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+ 163 Dol (Bs Br — Br Ba) 5 — 


~% Dy 2 son (Ba Br Bi — 4 Be Ba Br) + 
Gi 


Bs + cycl. perm.) + 


>i 


ae 1 C4 Sy 
3 


+ 40 DY DY sow (Ba Bebi— 3 Be Ba Bi) (Os — 05) + 


+ G4 8° (Bx Be Be + cycl. perm.) (24 — @5) — 
= 65 Sg (Bs By Bs Bs Sat Ba Bs Bs + cycl. perm. of 1, 2, 3). 


Inserting this expression for zs in eqs. (358)—(361), we obtain eight equations, 
which are linear with respect to the redundant components Yn5, Ws,, Pio, Msas 
v., Wo, ane W,, and which we can solve in principle with respect to these 
components, although the result will in general be very complicated. 

This exact elimination we will perform as an example only for the simple 
case cj + 0 and all other c:s vanishing. This assumption gives: 


t 
Lin = ec (Di: Vo Pn WP sx) (n, k= Ab 2, 3), (365) 
ig =e S oy Way — 258 (366) 
54 ue a lu C 54> 
. hare 
ge jc (Ys bn Pik Wr Dn) (n, hice ik, 2, 3), (367) 
r uo 2 
by oe uc »3 Pax De — PS oa (368) 
jal 
or for the 54-components : 
3 
Y= — Yr L 
54 uc + is = a Pk 4k» (369) 
sa = -sted Par Dw (370) 


If we insert these expressions in the last three terms of equ. (362) we get for 
the additional term to the Hamiltonian of the free space: 


{ |- CC} 83 > Ws. sn = a (uc aif C1 S3) We, Pi, VS 


k=1 


=) eee W Gis, Oars, 
—— CC1 Sa° Pe. Pop —— 3 4k 4] 
{| 1 S3 2 Bk L 5h aoc Hey pa ale y, (371) 
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In the strong coupling approximation we can either make c; large or make 


4 Cu ; By: : 
¢; nearly equal to — = in the region where ss is important. In the first case, 
3 
3 
which has been treated by Pavitt & Hu [27], the » Ws. W5.-term dominates 


k=1 


_ over the second term, and in the second case it is small compared with the 


second term. 
In the weak coupling approximation, considered by Bruin and the author 
[5], the corresponding additional term to the Hamiltonian is: 


3 8 8B nays 
a 0 Va 
[a 5 |> EY ee Fe | av. (372) 


ai Ot Ox; 


When eliminating the redundant components in the weak coupling case for 


_ all the terms in (364) we can, just as in the scalar case, confine ourselves 
. to the term 


—ic{ Pig Pav (373) 


in the expression (362) for the Hamiltonian, since the other two terms con- 
taining mz, are at least quadratic in the c;:s. Again, this means of course that 


we neglect all contact interactions. 


Expanding the solution of eqs. (358)—(361) in a power series in the ¢:s and 
retaining only the terms independent of c¢;, we obtain: 


Pin = — =, (0: Pon — Dp Wor) = : (<2 a, (374) 
v4 = 55, Sp y= . > ea (375) 
Pin = =; (Youve — Bsr on) = 4 it at (376) 
Tee es > Py Dy = us bs : = (377) 


which approximation is to be inserted in the term (373), together with the 
expression (364) for zz. 


For the five last terms of (364) we have to calculate Bi Br Bi and Bi Be Bi Br. 
From the 4th member of equ. (145) we have, since 7+ h=-- 11: 


(mn | Bi Bx Bi| m'n’) = 


234) (din' Onk Om On't ae Okn’ Onl Omi Om'd) =" Gx (mn) —_ €x (m'n’), 


which expression we shall use for the c, terms, at the same time exchanging 
the indices in a suitable way. 
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We have furthermore: 


(mn | B: Br Bi Br | m’n’) 


a a > > (Oin” Onk Om Om''l oe Okn'’ Ont Owns Om’ 5) 2 


Wane 
+ (Sm'’r Om's On''n! — Om''s Om'r On''n! — On''r Om's Om''n’ + On''5 Om'r Om''n') — 
— ex (mn) — ex (m'n') = 
= — Okn' Ont Omi Om'r — CX (mn) — ex (m'n’). 
Consequently, we obtain the following expression for the term (373): 


— ie | Pg Pd V = 


; 7 KY a7 : 
—= —— UC | |- VC S83 > Poon (5 Py nn ee 


mn 


— Cy 83 d¥ mn (4 A res ar 


mn 


5 
a 1 
oP C2 So > a > > mn (Oma Om's Onn! ae Om Om'4 Onn’) Lain! oak 


SS I \ \ 1 Tae 
—_ 02 Be S1k > mn (Omk Om’s Onn’ oe Om Om'k Onn’) VR = 


al 
5 5 
time a) \ A. a7 = = 
+ C2 So >, > a mn (Om4 Om's Onn’ ae Ooms Om'4 Onn’) ((@4 aac Qs) Pinal “ 
é . : 5 5 
=r qi = = 
sin C2 Sik > >, > Pon (Omk Ow? "5 Onn! a Oms Om! ie Ona! r) ((@ Oa Qs) Ty ites ze 


By od, eS es 
Ste C3 a Sy S3k1 > > 2 a ‘mn Omk Om'l Onn! (4 Pn! n’ + 
; 1 ta] 


k=1 1=1 m=1n=1m n=1 
3 5 5 5 5 
=> N\ <A) 1 = ; 
+ 263 Ly 82k Zy ! ' » mn (Oma Om'k Onn — Omk Om'4 Onn ) (@4 Pr n 
k=1 m=1 n=1 m'=1 n/=1 
3 3 5 5 5 5 
-\VNV \ 7 
aC ay S31 > > > Ver yalora Om’t Onn (Os Wn ns 
ic m=1 n=1 m'=1 n'’=1 
3 5 5 5 5 
rT, >, Qi! = 
r &C3 S2k > me > mn (Oma Om’) Onn — Omk'Om'a Onn ) (@s Vee n 
ca m=1 n=l’ =i n'=1 
3 3 5 5 . 5 
oye : 
v C4 SOKI So > at ann ( Oma Onk Om's On'l oan Omd Onk Om'4 On't a6 
k=1 [=1 m=1 n=1 m'=1 n'=1 


1 
oe Oms On Om'k Ont + $ Omk Oni Om'5 On'4) Wnt — 


5 5 5 
= 
— & 8, 2 


oO 


pa 
| 
=I 
k 
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~ 


Ve (Oma On Om 5 On Uf 


m n ( 


5 
2 mn (Oms Onz Om'3 On't + Om3 Oni Om'5 On'2 + cycl perm ) Vntn 
Be 
=1 Wad ! 


Oms Onk On 4 On U F 
5 5 
Py 
22) es 
N=) v1 m1 vn 


Oms One On 3 On feats Ons Oni On 5 On'2 1 


Omé Ond Om’k On Wee Om Ont.Om 5 On 4) ((@4 = Ws) DAES n 


mn (Om4 Ong On 3 On == Omi On2 On 4 On Saal 
a C1 S3C | 


+ cycl. perm.) ((@4 — @s5) Y) nin’ + 
D>) ae Mae 
k=l 


evel. perm. of lf 275) 75, v| dV 
OF §. or) ny 
1 OX: Ou, 
OPS. OPS; 
3 3 
+ 102 89 C (> Wa. Por — SS 
k=1 


3 
— ide Son if ," 
He 


| (° Pou y 
Ou On 
LE Vu] ae 

k=1 
(’ Wer 
l= 


oes) a 
OU J 
OF 5 le Ap (’ Po 0 2 
- We : ; } 
1 Oxy O Xr Poi 2 : On O Li 
OP 4 — OF 4 | 
ete 
+ va OF, H 0x 4 
3 
+ C2 Sy (> Woe Psp + S wa Vac) a (378) 
k=1 k=1 
OWE, OVE ee 0 a 3 
— se Sounz{>| ee. — ON + 2 ¥i Oy aie 
2 fa OP | 
+ Ws, 3S ‘pa Ou i 
2 , : , S OV En 0 Ws. OFS, 0 =} 
4 ise D2 mae ea Pa — 3 e 22 ( Oa,  O%n )( dm  Oan}i 
3 33 ¢ * % 
-= {l f re Os; =) (’ ee OW. 
= teed 2 sues (a (Fe Ou O Xk 
by 8 
+ 403 ¢ > 2 san W5r Ys) 
k=1 I=1 


| 
Ww,’ 
ak 4] 


{ te 
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: OVE 20 ten 
Te oD 3 ( WP sr are oe 


+ ce > > Sort {ea Pep Eon a 


k=1 /=1 


3 OV s, (" Ws) one) it 1 s (‘ Ws ane) OP an\ 


HD Oty \ 0 Gp Ox Pree O xx: Oa } 0am J 


i 0 OP oreday OF OVE OWE 
+ deo {al ones & ss) 4 ( 51 0 £53 


en ae W. + cycl. perm. of 1, 2, 3} + 


O V3 O Uy 


ions 
+ icke DY Dy sow {a Wor Poel ar 
k=1 [=1 


le oes) imal  ( ope) eel 


x y J=h Our OX: Ox x oe — O x) O x) On J 
nim im OF 5 O Ves O Vs O =) 
a ; y k Of 1, 2,3 
C4 C84 = ale as on ate Ae 52 + cycl. perm. o 


ie 7 5 C So = = 42 ar g 
Cc mate 0 Yor O Pes OV 55 ) Pe 


0X3 Oxy, Oxy, Ok 


WW, + cycl. perm. of 1,2 | adv. 


We will now introduce the two vectors U and P, with the components 
U,, Uz, Uz and P,, Pz, P; defined by the equations 


Ya=7|/ # U. (k=1,2,3) (379) 


and 
/8nx | 
Pa = V ae (k =1, 2, 3). (380). 
Since from equ. (278) 
8 
Ia, = » » 0 O44 Om's Orn’ Pin! =1 Ys (381) 
m'=1 1’ =1 


equ. (280) gives the ordinary canonical commutation rule: 
[Ux (r’), Px (r'’)] = th d(r' — r’’), (382) 


With the dimensionless constants Ce defined by 


104 


(383) 


ARKIV FOR FySIK. Bd 1 nr 3 


we finally obtain the Hamiltonian in the weak coupling approximation 
ue 

— U* u| adV + 
1 


. Llaqrt U* rot U + 8ac? P P* 
2 
ge oie diy PF 


(72°) div P div pal 4 


2 
5 7 1 
+ 5 | | Gs.juu—3 
ON 83 iC ze) PP P* — Sot U* rot ul + 
bs 


Be oP Ue Ue Pt) 
x 
2 
— (t= s, ie? C2700. Ux roo Ua (*2*) (P-div BP? — diy, P-P*) 


\ 


“(PU + UE Bs 
8ac\? 
(P div P* + div tte) 6 


See ; 
rot U* x U — U* x rot U + ( 


eS 


=n al “ 
yg 28 yr 
a (Sae 1 
8 85) = "PX Pt — 2s (to U*X rot U)) 
% 
=, 1 8ze i . 
— 03is,=—- {PX rot U + rot U x P*} + 
wR 
(384) 


Osis, (U* x Ul 
ai PUR BF} 

eG wu 

IPxu ux p+ — 4 (diy Prot U + rot U* div P*)| 


ie es 
S- Cee 
x 
a, 3 = {rot U* U + U* rot U} + 
P* — = (— div Prot U + rot U* div P*) 


a {Px U + U* x 


= Om poe 
{rot U* U — U* rot U} 


FAI. = 1 
ae tse 
aaa sae en u+ P| dV. 

xu 


Rll] Re 
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Here the C%-term has been treated by Kiern [20] and the Oy-term by Pavuil 
& Hv [27]. All the terms containing so:s and s3:s, i.e. terms to be used in 
a non-relativistic treatment of the nucleons, have been listed by Bruin and 


the author [5]. 


Appendix 


| 

| 

In this appendix we shall consider the alternative method of developing the 
pair theory, starting from a real, Lorentz invariant LAGRANGE function. 

Let us first treat the scalar case, for which the unperturbed Lagrangia 


density is 


1 [aut ov 


| eae 
: Ox, Oxr 


2 77% , my 
oe Pa + x°U u| (38h) 


To this function we add a linear combination of all the possible bilinear, 
LORENTZ invariant expressions, which can be formed from the scalars U and U* 


OU oUF ; aSyee 
the 4-vectors A fe nd ae and the tensors (59). This combination can be 
‘4 Lk 
written : 
e =e 
Ie eae a 
aL PY AN gee = 
Ire 0U* aU 
eee sate * 
% Lene ( Ox: | 
a lp anaes 0 U* aU 
+4—C Ie : U + U* 
x avy e ( O xx a 
deol, sNews ees } 
a 8 a MONE oe aes (386) 


= 0, (387) 
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aul 


r) 
aa env l) + nye 


; =I : 


it Seal t= 3 aU)| 
ttaC ED am BMVU) — BV GE — 


SSS = 


4 
A 0 aU 
—s Gs DY 2 in (omnes |. (388) 


| This equation is, however, not exactly the same as the equation for ¥;, which 


_ results from eqs. (118) and (119) with the 3 of equ. (331). On the contrary 
we get equ. (388) from equ. (118) if we put: 


Loelt aint 2 oa 
Tee bi sean: bv ger| Os + 


k= 
AYE ph ifCOl. 0 | 
=a if S' am caer 
CRS 2 = \dm, Y Vey PIP ds 
(f= , =n OS O if 
SG —— —-@ 389) 
a Oa D2 7g, PMY TG % 


This zs evidently conforms to eqs. (194) and (196), but not to equ. (198) since 
it contains derivatives (momentum and energy operators), which do not give the 
same result when they operate to the left or to the right. This means, that 
the 4-divergence of the 4-vector W Br W does not vanish, and consequently this 
4-vector can no more represent the current 4-vector, if we want the meson 
charge to be conserved separately. Since, however, all terms in the Lagrangian 
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density contain the meson field as an U*-factor times an U-factor, the density | 
is invariant for the transformation. 


OU = UE Ut ten 


where a is a real constant (gauge invariance of the first kind). This means, 
as is well-known, that the 4-divergence of the 4-vector 


OL OL 
as ; 390 
ov” 2 jo (3907 
O xr O x: 


vanishes. This vector can consequently be chosen as the current 4-vector of 
the mesons, giving a pair theory in which the charge of the mesons is conserved 
separately. The fact that this 4-vector is not identical with the current ? 
vector W Bi, W of the Dirac equation of the meson, seems to be a disadvantage 
of pair interactions of the form (389), which as we have seen have the greatest 
simplicity from the point of view of the LaGranceE formalism. 

In passing to the Hamiiron formalism we have to introduce the conjugate 
momenta, defined by 


© OL 1 aL 

BS ~ —— : 391 

ie 00 eae ie, 0U* ee 
On, Ox, 


Solving these equations with respect to the time derivatives and introducing | 
them in the expression 


) U* 
HatcP oe IOS! B (392) 
OL, OL, 


we obtain the Hamiltonian density as a function only of U, U*, P, P* and 
their spatial derivatives. Let us, as an example, write down the exact result 
of this procedure for the case, corresponding to that, for which we performed 
the exact elimination of the redundant components in Chapter VII, i.e. Ci and 
Cy + 0 and all other Cy:s = 0. If we introduce the &:s of equ. (356) and 


and WY; by eqs. (351) and (352), we obtain as the additional term to the 
Hamiltonian density of the free space: 


de 2 a % + 

C$ h = O W; OW 

5 WW, + Pe 1 83 >. ; S. 
k=1 


6h 3s Ye pee a7 
fic + G1 S83 aC Ox, Om 


(393) 


This density is clearly not identical with the integrand of the expression (345). 
However, in the weak coupling approximation, when @ sz is small compared 
to fic, the expressions are identical as regards terms of the first order in Ge 
both giving the expression (346). 

The identity of the two formalisms in first order of approximation is more 
general. In fact it is valid not only for the interactions (; and C7, but for 
all the interactions of equ. (386). This can be proved in the following way: 
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Let us put 


1 fm oU* aU 
82 la OC OnE 


L=> + 9? U* ou} —et, (394) 


where é is a small parameter and f is an arbitrary polynomial of U and U* 
and their spatial and time derivatives. We have: 


Lege y 07 


epee hey 
uc Bada i a0 (395) 
OX, 
Re ca Lou Of 
PF = a ee 
" 820%, ° ,0U* ee 
C= 
On, 
| Only retaining up to linear terms in e, we obtain: 
/ / * 
eee lis el Pt EL = 
O X4 Ok, 
Be riP sie pray at tla\\. a (ardop eqs Hole pee 
70.0" ; 
OX, OX, 
1 é Of 0 
es oak "1 D¥ wR Ee 
ae OE een Te 8aicP Pen S ros + 
O xk Ox, 
ee OUT OU of 
! te == 
ana O xk me Gree Oars 
lw 0U* 9 va 
= 820 P P* + — » Bag U*U + ef. (397) 


Sa, Ox Or 82 


When we eliminate the time derivatives in the term ef of this result, we only 
need to use ¢e-independent approximations of the expressions for the time- 
derivatives, since the term ¢f already contains an ¢. Consequently the additional 
term to the Hamiltonian is in first order of approximation equal to —L’ of 


equ. 


and 


(386), where we have made the substitutions 
Ge Sek (398) 
Ov, 
aaa (399) 
O44 
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Making use of eqs. (64)—(71) and (332)—(335) we obtain by this substitution | 
precisely equ. (357), and the equivalence in first order of approximation with — 
the Dirac equation formalism is thus proved. 

Let us now consider the vector case, for which the unperturbed Lagrangian 


density 1s 


OU; 0 U, (’ Uy 0 2) 2 . r | 
: (Oey 400 
(2 =) A Ban arte _ h | ( ) 


where the 4-vector U; is related to the 4-vector U;, by the equations 
U;, = Ui (k=1,2,3) and U,= —Ui. (401) 


In order to obtain the interactions which correspond to, and, as we shall | 
see, are in first order of approximation identical with the interaction (363), 
we have to add to Ly a linear combination of all the bilinear, Lorentz 


invariant expressions, which can be formed from the vectors U; and U;, the 


tensors aa and (5 2") and the tensors (59). Since such 
Ou OX 

interactions only contain antisymmetrical combinations of the derivatives, no 

time derivatives of U, and U, are introduced, so that these components have 

still no conjugate momenta and have thus still to be eliminated by passing 

to the Hamitron formalism. We obtain: 


; e ok WORE 
Lee eal ve U;, Uy + 
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) Lacrancr’s equations of motion now give with L=L,+L’ for the com- 
ponents s— 1, 2, 3,4: 
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eae 2 =F n=1 0 &, Y Ys Yr Yn ESOS; : 


The same field equations can be obtained from the Dirac formalism with a 
suitable choice of 3. In fact, we get by eqs. (170) and (172) 
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kel OX OX Ons 
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and these equations give exactly eqs. (403) if we put 


= e ii" ,~ - 
ip = — Ot = | CL One 
ne ime 
a 
l =, ee f 
tins Gi Di 2g ee 


| 
T 
DQ 
CoN 
a 
ge) 
>! 
Sr 


VEY Pi Os — 


O- ene = Me te Es, 
(e BEV ye ym Vy Bit Bipyrym vey Be nae 


eee ee eee jae 
SIE =, CU; > >) pay DE ~ Bib ViVm yn? Bm a is o5| ’ 
and make use of the fact that 


(Br Bi P)s55 = Ont var = Osi Ver, 


4 
< 1 4) / Ae , 0 D ~ 2 Rk B y @ 
—1=(4 2 2 a (; - 4 WYRE Ym VY Bi — Bry Yrym VeY Br a os 


(405) 


(406) 


which can easily be proved by means of equ. (139). Just as in the scalar case 
a 4-vector can be constructed, the 4- divergence _ of which vanishes, but this 


4-vector is no more the Dirac current 4-vector YB, as was the case with 


the interaction (363). 


In this case too, the two interactions (402) and (363) give in first order, of 


approximation the same Hamiltonian. To prove this, let us put 


L=I,~— ef}, 


(407) 


where ¢« is a small parameter and f is an arbitrary polynomial of U;, U, and 


their derivatives, not containing time derivatives of U, and U4. 
This Lagrangian density gives: 


Pee hs (° Ui, ou) t. "07 
ue Suic\Or, Oa, io’ 00, 
oie Ou, 


= (r = 1, 2, 3) 


(408) 
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/ and 


& peli Hoff OD hale, boi 
Sein 8xic\Oa Ox) ic dU, “=1,2,3). (409) 
OX, Oy 


We now obtain: 


r=1 
3 ¢ 
ae YS Ip, = $716 P, 4 ADP 8x gis 
r=1 | Ox, af (Gi 
Ou, 
au / an 
+ [—8xicP, + —*—82e oi p, | + (410) 
Oi; OU, J 
Oz 
Ov, 
+aoD (Fe ay (+ - os) | 
Oo O 4 O XE Ox, O x 
renes S ee a ES | | 
Bo 2 NO Oxy Ox, Ox) 
tae a 
ae aed 
gan Ur + 27 UU, + ef 
This gives, if we substitute Oe — 2) (Zo: — 2s) by means of 
OL, O Xx OL, O xy; 


eqs. (408) and (409) and only retain terms which are at most of the first 
degree in é: 


i7 ese ran Uno eee UU 
82 82 


ihe 
+ Zar + ied (P us 5 OB) + of: (411) 


By equ. (403) for s = 4 and its conjugate complex and by the definitions (408) 
and (409) of P, and P, we obtain in first approximation: 


8 
U,= oe div P + eg, (412) 


6, = 2S aiv P + ch, (413) 


where g and f are functions of Un, U;, and their derivatives. 
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Inserting these values in equ. (411) and neglecting the quantity 


we obtain finally: 


a 


FH 22 se6 U tot U ee ee ee 
Sian 8x 


82 


+ —=,- div P div P + ef. (414) 
ux 


The additional term to the Hamiltonian is thus in first order of approximation 
obtained as the additional term to the Lagrangian with the sign reversed anc 


OU OUP OUR fom, 


with — ae ; U, and U, substituted by means of the 
Ov, OL,  3O'D, Ou, 
equations : 
O ie 0 U, = os d 
: : = fe 415} 
her Be 8 mic (415) 
OU. Vow, 
EEE se ; 416} 
On ae Sater. ( 
OTEVO 25 = 
U4 = —S- div Pp (417). 
-, 8 , ; 
U,= eo div P, (418) 


giving exactly equ. (384), which proves the equivalence. 

Finally we want to draw attention to the fact, that if we no more reject) 
the possibility of a conjugate momentum to U,, we are not restricted to use: 
only antisymmetrical combinations of the derivatives in the additional term to: 
the Lagrangian. The possible terms are then the bilinear invariants, which can. 


~ 0Uz OU, 
be formed from U;, Ur, ——, =—" and the tensors (59). These terms are: 
O x Ox) 
4 ~ 
py d UUs, (419) 
{836 
"all Shee 
os \ C U, O U, | 
me 2 O x Ou (420) 
4 4 io 
~ ONG more 
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oe OU; OU, 
es 2 Om Oa (422) 
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jer 3 
&\ QR) ~ OU, y OU, 

ii woe Une See | ¢ 
2 4 mew (° Ge tee U; ra) (424) 
de Orr ~ 
Qh SNL On, OU. 
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4M 
ale Sale ES 
yyeviy Uz Ui, (426) 

k=1 [=1 
rina eee | ~ 

LENNY ~ DO OU, AUm OU 

Ss : (52: pee Seti aye m k 
2 2a URSA pomtiy earl petey ek (427) 
oes ie 

LEN, ~ OU; AU Cu OU, 

at -}, 

ae 2% ne (iu! OLS COL 7a] (428) 


ay = 2 ~ 0Um OUm 
lig aE ee a (429) 


=< 


4 4 4 se 
Set NS Pe 0 U,. O U;, 
NTE eemeccer 430 
cio 2 OXLm Oar ( ) 
a 4 4 a 
rey Vie O U;. ‘ eo e1) 
kK m AROS OE ae Oe —— > 431] 
ye 2 pera (5 O x1 ( ) 
4 4 4 4 
Sie SM i a 0 U;, 0 Um 
LD NIM MPG Fe’ (432) 


a special linear combination of which of course gives the expression (402). 
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